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4.

10. .

12,

14.

16.

18.

20.

22,

24,

26.

T

Answers to Even-Numbered Exercises

t
y |, and
¥

The product is not defined,

O-r+0-5+ 14
Ax— [ Or+ s+ 01| =

Por + 08+ 0t

6 -2 —4
1 3| _ |24
s T e T s
9 -3 -6

| — |
—_
3

) 1

No, w is not in the plane spanned by the columns o A
because the cquation AX = u has no solution. Row reduction
ol the augmented matrix | A 1] reveals an inconsistent

equalion:
4 3 5 3 1 2 0 3
o 1 —1 2l~[0 1 -1 2
1 20 3 0 -5 5 -4

1 20 3
~ l() I =1 2
0O 0 0 e

The equation Ax = b is not consistent unless

—by + 2b, + by = ). The set of b such that the equation ix
consistent s a plane through the origin:

a2 =00

4 rows. There s one pivot in cach of the four pivot columns,
and each pivot is in a ditferent row.

The columns of A do not span [¥*, by Theorem 4, becanse an
echelon [orm of A has a row of zeros, with pivot positions in
only 3 rows,

The columns of the 3 <2 matrix from Exercise 17 do not
span R? because with only two columns in the matrix, there

28

29,

can be al most two pivol posilions, not enough for & pivol in
cach of the three rows. By Theorem 4, the columns do not
span R

Yes, {vy, v2, vs} spans B, by Theorem 4, because the matrix
[v, v: wv;1hasapivotin cach row, as the following row
reduction shows:

1 -1 3 I =l 3 I -1 3
o 3 -2y~|0 3 -2(~]0 3 -2
-1 702 0 6 1 0 0 3

Falsc. Scc the paragraph following cquation (3). The
equation Ax = b is referred to as a matrix equation.
b. True. See the box hefore Example 2.

¢. False. See the warning [ollowing Theorem 4.

d. Truc. Scc Example 4,
e
f.

&

. True. See parts (b} and (a} in Theorem 4.
. True. In Theorem 4, statement (c) is false if and only if
staternent (a) s also false,

. a. False. See the paragraph following equation (3). The

32,

equation Ax = b involves veclors, bul 1l 1s called a marix

equarion.

True. See Example 2.

True, by Theorem 4.

. True. See the box belore Cxample 2. Saying that b is not
in the sel spanned by the columns of A is the same as
saying that b is not a lincar combination of the columns
of A.

. False. See the warning that follows Theorem 4.

. True. In Theorem 4, statement (b} is false if and only il
statement (a) is also false.

3 1 1
2181 =513 | = 1],s0x,=2,x=—5
4 1 3

2p ¥

— T

5 5
‘ 5 1 -3 -5
.5u= |15 ,A(Su)[ 3 ] 15 { }
LJ 7 -2 1 [15] 20

36.
40.
42,
44,

5 1
Au = |:7 _9

__:,m [ sen= 3]

Use the fact that A(4y) = 4Ay. 38. No; no.
[M] The columns do not span R
[M] The columns span [¥*.

[M] Delete column 3 of the matrix in Excreisc 42; no.

Section 1.5, page 55

2. Yes, there are al most three basic variables. 4.

No




f the homogeneous equation is Span {u, v}, the plane

anned by u and v. The solution set of the nonhomogeneoys

juation is the translated plane P -+ Span {u, v}, which
=442

1s8es through p.

=a+th,or[ J [_3J+t[ J,
—3t
e

2
3

X
Xo

-7
4

X
Ly = =5+ 4y
True. See the first paragraph of the subsection titled
Homogencous Linear Systems.
Falsc. The equation Ax = ¢ gives an implicit description
of its solution set. See the (irst two sentences of the
subsection titled Parametrie Vector Form,
False. The equation Ax = ¢ always has the (rivial
iolution. The box before Example 1 uscs the word
wntrivial instead of trivial,
“alse. The line goes through p paraliel to v,
aragraph that precedes Fi g 5.

See the

. One answer: x = [

. Take some other value for s,

A63

Answers to Even-Numbered Exercises

-3 €. False. The solution set could be empty! The statement
- A3 5 (from Theorem 6} is true only when there exists 4 veclor
1 p such that Ap = b,
-6 —8 1 22. a. Falsc. A nontrivial solution of AX = 05 any nonzero x
1 0 0 that satisties the cquation. See the sentence before
nl YL wl . u| 4 Example 2,
0 ! 0 b. True, Sec Example 2 and the paragraph following it,
0 0 1 ¢ Truc. If the zero vector is a solution, then
0 0 0 b=Ax= 40 = ¢
5 0 4 d. True. See the paragraph following Example 3.
i 0 0 e. False. The statement is truc only when the solution sct of
LE I I R 0 AX = b is nonempty. Theorem 6 applies only to a
0 0 ] consistent system.
5 1 24. Aw = A(5u) = 54, = 5-0 = 0, by Theorem 5.
The sct is a “line” in R through -5 parallel to 2 26. (Geometric areument us[ng '['heo.rem 6.) Since A.X =his
1 3 consistent, its sofution set js obtained by lranslating the
0 1 solution set of Ax = 0, by Theorem 6. So the solution sct of
~g —3 Ax = bis a single veclor if and only if the solution set of
4+ 5 |. The solution sel is a lige through Ax = 015 a singlc vector. and that happens if and only if
0 1 Ax = 0 has only the irivial solution.
-8 (Proef using free vartables. ) If Ax = b has a solution, then
4 |, parallel w the solution set of the homogeneous the solution is umique if and anly if there are no free variables
0 in the corresponding systern of &uations, that is, if and only
quations in Excrcise 6, il cvery column of A is a pivot column, Thiy happens if and
L 4 g only if the cquation Ax = 0 hag only the trivial solution.
ctp = 0, u= 1 v = | 0. The solution set 28. No; the “origin” is the vector 0, and AG = 0+ b,
0 0 | 30. a. Yes h No 32, a. Yes h. Yes

)

say 200 million doMars. The
other equitibrium prices are then Po = 188 million,

Pr = 70 million. Any consiant nonnegative nuldtiple of
these prices is a set ot equilibrium prices. Changing the unit
ol measurement (o, say, German marks has the same cffect
as multiplying all equilibrium prices by a constant. The
ratios of the prices remain the same, no matter what
currency is used.

a, Distribution of Output: Purchased
Agriculture Mining Manufacturing by:
65 20 20 Agriculture
05 10 30 Mining
30 70 .50 Manufacturing
b. [M] x, = 7869, xp = 237703, x5 is free. The data

probably justifies only two significant ligures, so we can
take x; = 100 and round off the other prices to get
X =79 and x; = 38,




A04  Answers to Even-Numbered Exercises

l 0 0
1 0 1
40, IM] X o + x2 z + x3 ‘)
0 10 10
0 EN] 4
0 0 P
I 0 0 (
0 0 3 O
. ¥ 8 + X3 (l) I Xxg (I] g
4 0 12 1
| 3 0 2
(X, ..., X7y = (16,13, 374,16, 26, 130, 327)

Section 1.6, page 64

2. Let A be the matrix with the given vectors as columns, and
row reduce the augmented matrix for the equation Ax = &

-2 8 -1 0 -2 8 -1 0
O 0 0 0]~ 0 -5 3 0
n -5 3 0 0 0 9 0

The equation Ax = 0 has a nontrivial solution because x; is
a free variable. So the columns of A are lincarly dependent.

4. Lin. dep. 6. Lin. indep. 8. Lin. dep.

10. Lin. indep. 12, Lin. dep. 14. a. Allh b, AllK
16. h = -3 18. All 20. Lin. indep.

22. Lin. dep. 24. Lin. dep.

26. A: any 2 %2 matrix with two nonzero columns that arc not
multiples of each other;, B: any 2 % 2 matrix with one column
a multiple of the other.

27. a. False. A homogencous system always has the (rivial

solution. See the box before Example 2.

. Fulse. See the warning after Theorem 7.

. Truc. Sce Fig. 3, after Theorem 8.

. Truc. Scec the remark following Example 4.

B An =

28. a. lruc. Sce Fig. I.
1
h. Falsc. For inslance, the set consisting of | —2

2

and

2
—4 | is lincarly dependent. Sec the warning after
6
Theorem 8.
c. True. See the remark following Example 4.
d. Talse. See Example 3(a).
1
30. x = 2
-1

32,

3.

36.

40.

42.

44,

True, by Theorem 9.
False.
1 2 1 !
Counterexample: v = l Vo = 2 Vi = 0
| 21 0l
1 2 0
3
3
Vy — 3
3
True. Tl the equation xv; + x;¥; + x3¥3; = 0 had a

nontrivial solution (at least onc of x,, x2, X3 nonzero), then so
would the cquation x v, 1 x3v3 + x3v3 + 0-vy = 0. But that
can’t happen because vy, va, V3, vy} is lincarly independent.
So {v|, v2, v2} must be lincarly independent. This problem
can also be solved using Excreise 35, if you know that the
statement in Exercise 35 is true.

. a. 1

b. The columns of A arc lincarly independent if and only if
the equation Ax = 0 has only the trivial solution. This
happens il and only if Ax = 0 hus no (ree variables,
which in turn happens it and only if cvery variable is a
basic variable, that is, if and only if every column of A is
a pivot column.

An m > matrix A with 1 pivot colurnns has a pivot in cach
column. So the equation Ax = b has no [ree variables. If

there is a solution, it musl be unique.

12 1 -3 10

-1 -6 7 3
M] B = 9 9 5 —1/| (columns 1, 2,4, and 6
—4 -3 0 9| ol A}
8 7 -9 -8

Other choices are possible: Use column 3 instead of column
2, or use column 3 instcad of column 4.

[M] Each column of A that is not a column of B is in the sct
spanned by the columns of B. Reason: The original matrix A
has only four pivot columns. If one or merc columns of’ A are
removed, the resulting matrix will have at most four pivol
columns. (Use exactly the same row operalions on the new
matrix that were uscd (o reduce A to echelon form) If v is a
column of A that is not in B, then row reduction of the
asgmented matrix | 8 ¥] shows that only the first four
columns of [B v are pivot columns, which implies that
the equation Bx = v has a solution.



Section 1.7, page 73

1 <[

i
6. [ —S:I , o 8. 4 rows and 3 columns
0

-1

10. x, 12. Yes

1
0

14. A projection onto the x;-axis
16. A reflection in the x,-axis

18. An expansion (scaling} in the x,-direction (only) by a factor
of 2

21 ~4 7
>3]
3 -8 -5
-7 3

wan [ ]

23, a. True. Functions from R" {0 R™ are defined before Fig. 2.
A linear transformation is a function with certain
propertics.

b. False. Sce the paragraph befare Example 1.

¢. Truc. See the paragraph following the box that contains
cquation (4),

d. True. See the paragraph following equation (5).

24. a. True. See the paragraph following the definition of a
linear transformation.

b. False. The question is an existence question. See the
temark about Example 1{d), following the example.

¢. True. Sce the discussion following the definition of a
linear transformation.

26. The plane is the sct of all vectors of the form
=su+tv (5rin[)
Using property (4) of 4 linear transformation gives
T(X) = T(su + tv) = sTCu) + (T(v) (s, in R)

IfT(w) and T{v} are linearly independent, then the set of
images T (x) forms the plane through 7(u), T'(v), and 0. It
T'(u) and T(v) are multiples, and if one of them is not Zero,
then Span {T'(w), T(v)} is a line through 0. If T(u) =

T(v) = 0, then the image of cvery point is just the origin.

8. If x is in the paralielogram determined by u and v, then
X = au + by, for some ¢ and b between 0 and 1, inclusive.

A65
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Using the lincarity of T, we get 7(x) = T(au + by) =
af(u) + b7(v). Since 0 = a, b = 1, this formula for T(x)
shows that 7'(x} lies in the parallclogram delermined by T'(u)
and T(v). (A degenerate parallelogram is possible.)

3. T0)=A0+b=b# 0,507 cannot be a linear
transformation.

32. Take any vector (x), x,) with x, # 0, and use a ncgative

scalar, For instance, T(0, 1) = (—2, 3), but

Te=1-(0, 1) =70, —1) = (2,3) # (— 13- T(Q 1).

34. Suppose that u and v in B" are linearly independent and yet
T'(w) and T(v) arc lincarly dependent. Then there exist

weights ¢, ¢z, not both zero, such that

aT(w+6Tv)=0

Since T is lincar, 7'(cju + ;%) = O, If the vector ciul + v
were zero, then ¢; and ¢; would both be zero, because i and
v are linearly independent. However, ¢ and ¢, are not both
zero, so we conclude that ¢ju + ¢ v is a nonzero solution of
'x)y=0,

36. [M] The set of all multiples of (—4, 5, —7, 3).

38. [M] Yes, one choice for X is (%, -3, 10).

Section 1.8, page 83

3 =2
S

WD B e
|
—
bl
| —]
|
—
o -
—

_ 1 s

5 -6
TR R 6. |0 1 8| &0
10 ) 3
1o

20. [3 -4 0

23. a. True. See Theorem 10,
b. True. See Example 3.
¢. False. Sce the definition of “ontw” on p. 81. Any function
from [R" to R™ maps each vector onto another vector.
24. a. Fulsc. See the paragraph preceding Example 2.
b, True. See Theorem 8.
¢. False. Sec the definition on p. 81. Any function from R
to ™ maps a veclor onto a single vector.
26. Yes, by Theorem 12(h), because the columns of the matrix
are lingarly independent (since neither is a multiple of the
other),
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28.

30.

32,

34,

36.

38.
40.

No, by Theorem 12{a). The columns of A ¢cannol span R
because with only two columns, A cannot have a pivot in
cach row. (See Theorem 4 in Section 1.4.)

The transformation is not one-to-one hecause the standard
matrix has linearly dependent columns. The transformation
does map R* onio R? because the standard matrix has a pivot
position in each row.

m. A has m pivol columns i[ and only if A has a pivol
posilion in each row. By Theorem 4, this happens if and only
if the columns ot A span R™, and this in turn happens, by
Theorem 12, it and only if T maps R” onto R™.

The transformation T maps 1" onto R” it and only if for
each y in R™ there exists an x in R” such thaty = 7'(x).

Take u and v in RF and scalars ¢ and . Then
T(Scu + dv))

= T{c-S(u) + d - 5(v))
= ¢ T(S(w) +d-TSvh

Since S is linear
Since T 1s lingar

Forc = d = 1, this calculation shows that the mapping
x — T(S(x)) preserves sums; for d = 0, the calculation
shows that the mupping preserves scalar products. So the
mapping is lincar,

IM] No. There is no pivot in the third column,

[M] No. There is no pivot in the fifth row.

Section 1.9, page 92

2.

4.

6.

110 110
! 21 |3
aB= 5 s ’“‘{2}
3 4

h. [M] The required nutrients cannot be provided exactly;,
however, a good approximation is given by 2443 serving
ol Qat Bran and .7556 serving of Crispix. Note: .25
serving of Oat Bran plus .75 serving of Crispix supplies
110 calories, 2.25 g protein. 24 g carbohydrate, and
1.05 g fat.

10 20 20 100
x| 50| + 2|40 3| 10| = | 300 |, where x;, xz,
30 10 40 200

and x; are the number of units of foods 1, 2, and 3,
respectively, o be used in the meal,

[M] The solution is x; = 150/33 = 4,53,

v, = 30/33 = 1,52, and x; = 40/33 =~ 1.21,

5 =2 0 olr 4 40
-2 7 =2 oflH| _ |30
[ 0 -2 9 =2|l&] " |20
0 o -2 11|l4L 10

I 11.56
L| | 890
ME ] =] as0 1
L 1.74
15 =5 0 -5 -1]1[h 10
-5 15 -5 0 =2||k —40
0 -5 15 -5 =3||Kl=1| 40
-5 0 -5 15 -4{|hL ~50
-1 -2 -3 -4 10|k 0
I —3.49
A ~5.14
Ml: | L] =]-210
I —6.42
s —4.57

W, xp — Mx, fork=01,2..., whereM =

Xg —

is Xo

94 04
A6 96|

} . The population in 1992 (when k = 2)

800,000
500,000

_ [ 746.800
553,200 |

304 307 310
12, [M] xo= | 48 |.x,= | 48|, x, = | 48
98 95 92

14. |[M] The interior tcmperalures are:

Fig. 3(a): (11.4°, 14.3°, [1.4°, 11.4°,14.3°, 11.4°)
Fig. 3(b): (5.7°,7.1°, 15.7°,5.7°, 7.1, 15.7°%}

At each interior point in the figure for Exercise 36 in
Section 1.1, the temperature is the sum of the temperatures at
the corresponding interior points here in Fig. 3(a) and 3(b).
If the boundary temperatures in Fig. 3(a) are changed by a
[actor of 3, then the intcrior temperatures should also changg
by a lactor of 3.

In fact, solutions of the steady-state temperature problem

here satisfy a superposition principle. The system of
equations that approximale the interior temperatures can be
wrillen in the form Ax = b, where A is determined by the
arrangemenl of the interior points on the plate and b is
determined by the boundary temperatures. If by and b, are
two sets of boundary temperalures, and if X; and x; satisly
Ax, = by and Ax; = by, then x; + x; satisfies

AX = by + by. Also, lor any constant ¢, the inlerior
temperatures cx; salisly Ax = chy. So the solution ol this
internal temperature problem is a linear function of the
boundary temperatures.
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Section 2.1, page 107

[6 4 o i 19 -§
2. 4 2 of-not defined, 4 —16 -4
3 -5 3 2 -3 3
4. 5 6 =2, 5 5 -2
-3 2 =2 -3 2 -3
s s
6. | I5 -5 8.2 10. £ =3
L1 3
12 3
12. Cxampie: [ 4 ]:'
14. AD is obtained by muliiplying the columns of A by 2, 3, and

15.

4, respectively. DA is obtained by muliiplying ihc rows of A
hy 2, 3, and 4, respectively. Any diagonal mairix of the form
Af where X is a scalar commutes with A.

a. False. See the definition of AR,

b. False., The roles of A and 8 should be reversed in the
second half of the statement, See the box aficr Example 3.

€. Truc. See Theorem 2(b), read right o left.

d. True. Sec Theorem 3(b), read right to left.

e. False. If the phrase “in the reverse order” were added to
the statement, it would be true. See the box alter
Theorem 3.

a. False. AR isalsna3x3 matrix, but the formula for AR
implies that it is 3 1. The plus signs should be just
spaces (between columns). This is a common mistake,

b. True. See the box alier Example 6.

¢. False. The lefe-to-right order of B and © cannot be
changed, in peneral.

d. False. Sce Theorem 3(d).

¢. True. This gencral statement follows from Theorem 3(b).

. The first two columns of AB are Abj and Abs. They are

cqual since by and b, are cqual.

. The sccond column of AB is also all zcros.

2. if the columns of B are linearly dependent, then there cxists

anonzero vector X such that Bx = 0, From this, A(Bx) = AD
and (AB)x = 0 (by associativity). Since x is nonzero, the
columns of AB must be linearly dependent.

If AD = [, then v salisfies (AD)y =y, and hence
A(Dy} = y. The vector x = Dy is a solution of Ax = ¥y.

- 0’y = (viu)" = v7u, becausc v isa 1% 1 matrix, which

wc regard as a scalar; (vu)" = gy"

- The (i, j)-entries of r(AR), (rA)B, and A(rB} are all equal,

i J , hot defined 30,

32,
34.

36.

..
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hecause

A n L]
L

r Laikbk‘;’ = E (rag)by; = E @ (7}
=1 = e

Lete; and a; denote the Jth columns of 4, and A,
respectively, By definition, the jth column of Af, is Ae;,
which is simply a, becausc €; has 1 in the jth position and
zeros elsewhere, Thus corresponding columns of Af, and A
are equal. Hence A, = A.

(ABx)T = x"(AR)T = x"RIAT.

{M] The answer will depend on your choice of software or
graphing calculator. In MATLAB, the command

rand (6, 4) creates a 6 X 4 matrix with random entries
uniformly distributed between 0 and 1. The command

round(2* (Z*rand(&,4) - 1})

creates 4 random 64 matrix with integer entrics hetween

. ~Yand 9. The MATLAB Toolbox, on the data disk available

from the publisher, contains a command randint that will
produce 1 random matrix with intcger eniries.

By default, the TI-85 calculator command randM (6, 4)
creates a random 6> 4 matrix with integer entrics between
—9and 9.

IM] The equality (ABY = ATR" is very likely 1o be false
for 43 4 matrices selected at randorm.

38. [M] Thc matriccs approach the matrix

/3 1/3 13
[1/3 1/3 1/3].
/3 1/3 173

Section 2.2, page 117

L[]

4
. [‘3

9/2 15
wa| e [5]

8. [M] The timces for the operation will depend on the type of

14, a.

. a

commands available. If inv (A) and rref (M) are used,
the method using rref will probably be faster.

True, by definition of inversible,

b. False. See Theorem 6(b).

I 1
0 O}Jhcnab—m’l-l‘ﬂo

=1 # 0, but Theorem 4 shows that this matrix is not
tnvertible, because ad — be = 0,

d. True. This [oliows from Theorem 5, which also says that
the solution of Ax = b is unique, [or each b,

€. True, by the hox just hefore Exampie 6.

¢ Falsc. It A =

Falsc. The phrase “in the reverse order” is missing. Sce
Theorem 6(b).
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12.
14.

16.

18.
20.

22.

24.

26.

28.
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b. True, by Thearem 6(a).

¢. True, by Theorem 4.

d. True, by Theorem 7.

¢. False, The last part of Theorem 7 is misstated here.
AC = I = A 'AC = A "I (suppressing parenthcses
hecause of associativity) = IC = Altand C = A7
(B-CA=0=(@B-0AA" =04 "=
(B—CM=0=B-C=0=B=C.

Lel C = AB. Then CB™' = ABB™! = CB™' = Al =

A = CB~'. This shows that A is the product of invertible
matrices and hence is invertible, by Theorem 6. [Note: You
cannot use the formula (ABY ' = B~ 'A™! in the proof
becausc you cannot assume that A is invertible.]

B = PT'AP

Tuke transposes in the equations AA~' = J and Ala=1T
to obtain

(ATYAT =17 =1 and AA N =1

These cquations say that AT is invertible, with inverse
(A7HT.

If an 7 % 1 matrix A is invertible, then the equation Ax = b
has a solution for every b in R", by Theorem 5. Hence the
columns of A span R, by Theorem 4 in Scction 14.

If the equation Ax = b hus a solution for each b in R*, then
A has a pivet position in cach row, by Theorem 4in
Section 1.4. Since A is square, the a pivols must be on the
diagonal of A. 1t follows that A is row equivalent to /.. By
Theorem 7, 4 is invertible.

1 d —bl|la b
ad —bc | —¢ allc d
da — be

1
T ad - be [—ca+a:c

_ 1 du — be 0
ad — be 0 —ch + ad

5

a. IT £ is formed by interchanging rows # and s of ., then
lefi-muitiplication by E interchanges rows r and s of A.
The inverse F of E is E itself.

db — bd
—ch +ad

1 0 0 0
1o 1 0 0
b &= 0 0 S 0 and
0 0 0 1
1 0 0 0
b= 0 1 0 0
o 0 1/5 0
o 0 0 1

Left-multiplication by E multiplies row 3 of Ahy 3.

-1 2
wl b ]

—28 —13 3
2.0 2 1 0
-7 -3 1

34. Not invertible
—-25 -9 =27 0 0
36. Row reduce l: 546 180 537 1 0} and obtain
154 50 149 0 1
the last two columns of®

5 3/2 -9/2
Al= [—224 —433/6 439/21\
70 68/3 —69
5 1.5000 —4.5000
= [#224 —72.1667 219.5000:‘
70 22,6667 —69.0000

Instructor: This matrix could be used again as an cxercise
for Section 2.3 because it is ill-conditioned, with a condition
number of 2.7583 X 107,

38, If A were invertible, then the equation AD =/ would imply
that A=1AD = A~'L and D = A™!, in which case DA would
be I;. However, A cannot be invertible, because

5/9 2/9 479
pA = [2/9 8/9 -—2/9] * [
4/9 -2/9 5/9

2 -t 0
40. [M] The stiffness matrix is 125 |:fl 3 -1 },

o0 -1 2
20
f= [—10] Ib
0

42. [M] —4,7, —13, 16 newtons. These forces are .03 times the
entries in the fourth column of D~". Reason: The solution of
Dx = (0,0, 0, 1) is the fourth column of P™*. Multply both
sides of this eguation by .03, 10 obtain D(.03x) =
{0, 0, 0,.03). So .03x is the solution of Du = (1,0, 0,.03).

Section 2.3, page 123

The Invertible Matrix Theorem is abbreviatcd here by IMT.

2. No, by the IMT. The columns are linearky dependent since
they are multiples. Another reason is that the determinant is
710,




4. Ycs, by the IMT. The matrix has three pivot columns,
6. Na, by the IMT. The matrix is row equivalent (o

0 0 0
8. Yes, by the IMT. The malrix has 4 pivot positions.

1 4 2
[O -1 i J and so is not row equivalent to /.

10. No, a 4% 3 matrix is not invertible,

2, [M] Yes. Row reduction, swapping rows 3 and 5, and
swapping rows 4 and 5, produces

5 4 3 6 3
0 2/5 4/5 3/5  4/5
0 0 1 =21 1
0 0 0 1 0
0 0 ¢ 0 -1

. True, hy the IMT. 1 statement (d) of the IMT is true, then
50 is stalement (b).

b. True. If statement (h) of the IMT is true, then 50 is
slatcment (e).

¢. False. Statement (g) of the IMT is trme omly for invertible
matrices,

d. True, by the IMT. If the equation Ax = 0 has a nontrivial
solulion, then statement (d) of the IMT is false. In this
case, all the Iettered statcments in the IMT are false,
including statement (¢}, which means that A must have
fewer than u pivol positions.

¢. True, by the IMT. If A7 is not invertible, then statement

{1} of the IMT is false, and hence statement () must also

be false.

. True. If statement (k) of the IMT is truc, then so is

statemnent ().

b. True. If stalement (&) of the IMT is true, then so is

statement (h),

True. Sec the remark immediately following the proof of

the TMT.

d. False, The first part of the statement is not part (i) of the
IMT. In fact, if A is any # % # matrix, the lincar
transformation x — Ax maps R* into R", yet not every
such matrix has » pivot positions.

€. True, by the IMT. If there is a b in B" such thut the

equation AX = b is inconsistent, then statement {g) ol the

IMT is false, and hence statement (f) is also false. That is,

the transformation x — Ax cannot be one-to-one,

C

b

The equation Ax = 0 always has the tvial solution. This
fact tells us nothing about the columns of A.

H is invertible, by the IMT. So it is #at possible for an
cquation //X = v 1o have more than one solution.

No, because stalcment (h) of the IMT is false.

22,

A69 ‘
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Statement {f} of the IMT is falsc for the marrix C.s0(h)is
false, (oo, Thus the columns of ¢ do nor span K",

- I A s invertible, then A~ is invertible, by Thearem 6(a) in

26.

28.

30.

3,

. The standard matrix of 7 is 4 =

38.

Section 2.2. So the IMT applies to A", and the columns of
A !are linearly independent.

A is invertible by the iMT, and hence A7 is invertible (by
Theorem 6(¢) or by the IMT). Thus the columns of A7 are
lincarly independent. That is, the rows of 4 are linearly
independent.

One method is to let M be (AB}™'. Then M(AB)Y = I, and
(MAYB = I. Since B is squarc, this equation shows that B is
invertible, by part (j) of the IMT. Another method is to show
that Bx = 0 has oaly the trivial solution and then use the
IMT. If 8x = 0, then ABx = AQ = {. Since AB is invertible,
x =1

IFT maps R" onto B", then the columns of its standard
matrix A span R", by Theorem 12 in Scction 1.8, By the
IMT, A is invertible. Hence, by Theorem 9, T is invertible,

If Ax = 0 has only the trivial solution, then A must have d
pivotin each of its # columns. Since A is squarc, there muost
be 4 pivot in cach row of A. By Theorem 4 in Section 1.4, the
cquation Ax = h has a solution for each b in R".
6 —8
-5 7
invertible because det A = 2 + 0. By Theorem 9, 7 is

imvertible, and
1 7 8
215 6

Given u, vin R, letx = S{u) and ¥ = S{v). Then
T(x) = T'(S(n)) = vand T(y) = T(5(¥)) = v, by equation
(2). Hence

. which is

T '(x) = Bx, wherc 8 = A~! =

Su+v) = S(T(x) + T'(y)
=STx+y)
=xX+y¥

= 8w+ S5(v)

Becausc 1 is linear
By equation (1)

So § preserves sums. For any scalar r,

Sru) = 5(rT(x)) = ST{rx))
= rx
rS(u)

Because T is lincar
By cquation (1)

Il

505 preserves scalar multiples. Thus S is a lincar
transformation.

IM] cond(A) =~ 23683, which is approximately 10%. If you
make several trials with MATLAB, which records 16 digits
accurately, you should find that x and x, agree to al least 12
or 13 significant digits. So about 4 significant digits are lost.
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40. [M] Solve Ax = (0.0, 0,0, 1). MATLAB shows thal
cond(A) = 4.8 X 10°. With MATLAB, the entries in the
computed valuc of X should be accurate (o at least 11 digits.
The exact solution is (630, — 12600, 56700, —88200, 44100).

Section 2.4, page 130

2 AC  AD 4 A-XC B-XD
" | BE  BF ) C D

6. X = A™! (by the IMT, because A is square), Z = C~! (by
the IMT, because € is squarc), ¥ = —C T BA7!

8. X = A~ (by the TMT, because A is square), ¥ = 0.
Z=—-A"'B

10. X=—-A+BC,Y=-82Z=-C

11. a. True. See the definition (1) in the paragraph preceding
Example 4.
b. False. Sce Example 3. The number of columns of Ay and
A, must match the number of rows of B, and B,
respectively.

12. a. True. See the definition (1) in the paragraph preceding

Examplc 4.

b. False. Both BA and AB are defincd, although they have
AB  AB
AB, AR,

which is the block analogue of an outer product. See

Exumple 4.

differcnt dimensions. In fact, AB =

14. The calculations in Example 5 showed that if A is invertible,
then both A, and A, are invertible. Conversely, suppose Ay
and Az are both invertible, and define 8 to be the malrix that
Examplc S says should be the inverse ol A. A routine
calculation shows that AR = 1. Since A is square, the IMT
implies that A is invertible. (Alternatively, one could also
show thal BA = [.)

. I 0], i 0| o .
16. The inversc of [X I } is { X g } . Similarly,
:J ; has an inverse. From equation (7), one ubtains

I 0 A|1 A[z I —Y . A“ 0 'k
-Xx I||l4n Axnllo I |lo s (=)

If A is invertible, then the matrix on the right side of (¥} isa
product of invertible mairices and hence is invertible. By
Exercise 13, 4, and § must be invertible.

18. The Schur wmplemcnt of XX is
X% — (XXX (X %) = xT(T — XXX Xy =
X, Mg,

20. The Schur complement of A — BC — Al is
I + C(A — BC — s1)”'B. Nore: The proof that this function
actually is (he inverse of the W(s) in Exercise 19 involves
only matrix algebra, but it is a little tricky. The following
algebraic identity is nceded:

CU 'B—CV'B=CU' -V HB

=CU™V - UV 'B
for uny invertible n< n matrices I/ and V and any 8 and C
such thal the multiplication is well defined.

22. a. A% = [, by direct calculation.
A 0
i —A

| Af 0 _|r o
O O

23. [M] Here are the MATLAB commands:

b. M=

a. A(15:20,5:10)
b. 2(10:14,20:29) = B
¢. ©¢ = A, C{(21:50,31:50) = A
Two commands but fewer keystrokes or:
C = [A zeros{20,20); zeros(30,30) A’]

24, [M] The specilic commands depend on the matrix program.

¢. The algebra needed comes from the block matrix equation

]

where x; and b, are in §?* and x; and b; are in R*, Then
A%, = by, which can be solved to produce x;. The
equation Ay X, + AxX, = by vields Azxz = b — Anxy,
which can be solved for X2 by row reducing the matrix

| Aaa C], where ¢ = by - Az X,

Section 2.5, page 139

2 1/4
2.ly=b=y=|-2],Us=y=x= 2

2 i
_ 57
4. y= { 1
L—IS 3]
I %
6. y= %
l 1]




0 0772 -4 2
12 11/2 1 ollo 7 -5
-3 -2 1flo o
[

0
10 0 0t 4 -1 s
w |3 1 0 ollo -5 1 -6
2 -1 L oflo o o o
L= -2 0 1Jlo o o o
10 0 0 012 -6 6
=2 1 0 0 ollo -7 3
6. (3/2 -2 1 0 of|lo o o
3.2 0 1 offo o o
L 4 -3 0 o tflo o o
0 0 2 -1 2
8. L= [ i UJ,Uﬁ [o -3 4J,
4 1 0 0 I
00

!

1

-1

U“'———% o 2
Lo o

2 -3 2
. ;
ATl =ttt = {—- 14 6 SJ

-6 6 6
). Since I is unit lower triangular, it is invertible and may be
row reduced to / by adding suitable multiples of a row to the
rows below it, beginning with the top row, If elementary
matrices ), ..., £, implement these row operations, then

E, EYA~ (B, EL)U = U=y

This shows that A may be row reduced 1o {7 using only
row-replacement operations.

1 0 0
3 1 0 2 —4 -2 1
. B = -1 1 .(‘=[() 3 1 —1}:1’1’
22 -1 00 0 s
-3 -3 2

A = LU, with only three nonzero rows in U, use the first
three columns of L for B and the top three rows of 17 for €.
- Since (2 is square and ¢°Q = I, Q is tnvertible and

~' = @7, by the Invertible Matrix Theorem. Thus A is the
product of invertibie matrices and henee is invertible, By
Theorem S, the cquation Ax = bhasa unigue solution for all
b. From Ax = b, we have ORx = b, Q"QRx = b,
Rx = Q"b.andx = R'(7b. A good algorithm for finding

R
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b is to compute O7h and then row reduce [R QThb]. (See
Exercise 11 in Section 2.2.) The reduction is {ast because R
is triangular.

1 0 4]
26. In general, A = PP where DV = | 0 /28 0 |,
0 0 /3%

1 0 1 0 I 0
3. {—I/RJ IH—J/R2 1“—1/1"J IJ:

1
“(1/Ry 4 1 /Ry 1/R3)
resistance is ""Ir + Rl i F‘}-_
30. The transler matrix of the circuit below is
VA Ry/Ry =Ry = Ry~ RiRa /R,
- ]/RE 1+ Rl/Rz

?} . The single shunt

4/3 -12

Set that matrix equal to A = ~1/4 %J , and solve to

find B, = § ohms, R = 4 ohms, Ry = 4/3 ohms.

‘ i r fy iy 7T T
LYYV N I R IR I N
LR : ! LR,
Yy i bV E R, E V3 E .: Y4
e J boeees J Lo 4
1
-1/3 |
32. [M] a. L = -3/8 1
—-8&/21 1
~21/55 1
3 —1
8/3 -1
/= 21/8 -1
55/21 —1
144/55
b. Lets; satisfy Ls, = t,..,. Then t, satisties Ut = s,
10 10.6000 6.5556
12 15.3333 9.6667
o= [12]:s, = [17.7500 |, ¢, = | 10,4444 :
12 18.7619 9.6667
10 17.1636 6.5556
6.3556 4.7407 4.7407
[1.8519 7.6667 9.2469
§; = (148889 | t, = [ 85926 |:s, = | 12.0602 ,
15.3386 7.6607 12,2610
12,4121 4.7407 94222
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3.5988 3.5088 27922
6.0556 7.2551 4.7778
t; = | 69012 |:8 = | 9.6219 |, t, = | 5.4856
6.0556 9.7210 47778
3.5988 7.3104 27922

Section 2.6, page 147

The answers here were computed by MATLAB in double
precision {about 16 significant digits) and reported in the “short
format” of about 5 signilicant digits.

2

10.

12.

14

b

16.

[ 2.5 3.0375
(1 = 2 = )
¥ 5.375}"‘ {5.0625}’
o _ | 3-0063 ] s _ | 2.9999
xH = coa X =
49953 | 5.0001
[ 2,987 3.0002 3.0000
xV = 1.0 |, x¥ = 1.0006 |, x* = 1.0000
| —1.96 | —2.0004 —2.0000
= | 25 G | 30063 [3.0000
5.0625 |” 49992 | ' 5.0000
Jacobi took 5 iterations for about the same accuracy.
[ 2,98 3.0008
x\ = 1.0398 | x? = 10000 |,
| —2.0016 —2.0000
[ 3.0000
X = 1.0000 | . Jacobi also took 3 iterations for about
| —2.0000

the same accuracy.
Only (a) is strictly diagonally dominant.
-3 —~87 —1347
x = =22 [ x@ = [ —358 {,x® = | ~5398 |. With

-4 —88 —1348

the first twa equations interchanged, Gauss--Seidel produces

3.0000
x® = | 2.0000 |.
2.0000
10.600

13.000
—15.000

Gauss—Seidel produces x' = [ , accurate to

9.9991
three decimal places. Note: x''" = [ 12.9995} , which
—14.9997
rounds to three-place accuracy.

The Jacobi method produces a sequence of vectors
whaose entries oscillate, grow, and do not converge.

3.9998
The Gauss—Seidel method produces x¥ = [ —1.0009

2.0005
accurate to within .001.

18. a. By delinition,
Mx®h = nx® + b
Also, since X* satisfics Ax* = b,

MxX"=Nx"+b

|

Subtracting and using a property of matrix multiplication

gives
MEFTD x5y = Nx® - x)

Left-multiplying both sides by M ™', and using the
delinition of the error vector e, produces

KN — x® = A NP — x7), and

4t = pr-1nelk

b. The statement % = (M !Ny e'? is obvious for k =

0.

Suppose it holds for some k, and apply M~ 'N 1o both

sides. Then, using part (a}, wc find that
M7TINe® = MTINM T N

and

et = (M—IN)k+1e(U)

Thus, for each k = (), the truth of the equation for k

implies its truth for & + 1. By the principle of induction,

the equation is truc for all intcgers £ = 0.

Section 2.7, page 153

the lincarity of the Leontief model.
33.33 73.33 50
2. | 35.00 4, | 50.00 6. {45]
15.00 30.00 )

8. a. Since x satisfics ({/ — C)x = d and Ax salisfies
(I — CYAx = Ad, linearity of matrix multiplication
shows that

Nore: Exercises 2, 3, and 4 could be used tor students to discover

T—Oix+Ax) = - Cx+ (- CAx=d + Ad

which mcans that x + Ax satisfies the production
equation for a demand of d + Ad.

b. If Ax satisfies {f — C)Ax = Ad, then
Ax = (f — C)y 'Ad, which is the first column of

(I — €)Y " in the case when Ad is the first column of /.




1¢. By the argument in Exercise 8, the effect of raising the
demand for the output of one sector of the cconomy is given
by the eniries in the corresponding column of (f — O)~!,
When these entries are all positive, every sector must
increase ils output by some positive (though possibly small)
quantily. 5o an increase in demand for gny sector will
increase the demand for every sector,

12. D,,,+| =F+ CDm

14. [M] x =
(134034, 131687, 69472, 176912, 66596, 443773, 18431). In

view of the remarks for Exercise 13, a rcalistic answer might
be x = 1000 X (134, 132, 69, 177, 67, 444, 18).

Section 2.8, page 163

I R

"8 0 -16 V32 —1/2 o
4. | 1.2 3.6 6. -1/2 - \/5/2 0
o0 0 0 1

[ V272 272 3422

S 1ven Va2 1-sy2
L O 0 1

0. 22 commutes with R bul not with 7'; T does not commute
with R.

2. Two identities: tan ¢/2 = 1282 — _S0¢ ppa gy identity

sil g I+cos

shows that 1 — (tan ¢/2)(sin ©) = cos @, and hence

I —tang/2 0 1 0 0
[0 1 Olfsing I 0

0 0 1 0 0 1
cosg —lang/2 0
= | sing l 0
0 0 1

The second identity shows that

{cos @) — tan @/2) — tan /2 = —(cos ¢ + 1)(tan ¢/2)
= —sing

A73
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Hence
cosg —tang/2 071 —tane/2 O
sin ¢ 1 010 1 0
0 0 1 0 0 1
cos¢ —sing 0
= |sing cose O
0 0 1

14. The matrix from Excrcise 7 may be written as

1/2 =32 3+43

V32 12 4-33
0 0 1
10 3+43 [ 172 372 0
o 1 4-33|VB32 12 o
0 0 1 0 0 1

This is a rotation through 60° about the origin, followed by a
translation by (3 + 4/3, 4 — 31/3).

16. Both (1, —2, 3, 4) and (10, - 20, 30, 4() are homogencous
coordinates for (1/4, —1/2, 3/4) because of the formulas
x=X/H y=Y/H and; = Z/H.

V32 12 o s

18 ] -1/2 V32 0 2
0 01

0 0 0 1
20. The triangle with vertices (6, 2, 0), (15, 10, M, (2,3 0).

1.0031 9548 H1791Y R
22. [M] H968 —2707 —6448 |1 | = | G
1.0085 —1.1105  1.6%96 || Q@ B

Section 2.9, page 174
2. No. The set is closed under scalar multiples, but not sums.
For instance, the sum of (1, 0) and (0, — 1) is not in the set.

4. The sel is closed under sums, but not under multiplication by
a negative scalar.

6. No. For instructor use: (1, =3, L1, 8) is in Span {v, v, v3}.

8. Yes, the augmented matrix [A  u | corresponds to a
consislent system,

10. Yes, Au = 0.
12. p = 3,4 = 4. Nul A is a subspace of B: Col A is a subspace
of [&4,

1
14, Nul A: [ =5 } » Or any nonzero multiple of this vector.

o8]

Col A: any column of A
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16. No. One vector is a multiple of the other, so they are linearly
dependent and hence cannol be a basis for any subspacc.

18. Yes. Let A be the matrix whose columns are the vectors
given. Row reduction of A shows three pivots, so A is
invertible and its columns form a basis for R,

20. No, The vectors are linearly dependent (because there are
morc veetors in the set than entries in each vector), so the
vectors cannol be a basis for any subspace,

3/
1 2 ? 36“
S .
22, Col A: ; 72 Nul A: ol | —7/4
1] |
T 37 [—3 4
P 4 7
24, Col A: sl e | 3t
L—-2] L 6 5
37 [ 5/2
-2 —~3/2
Nul A: I, 0
0 !
L ()_ L 1
| -3
-2 5
£Z 0 I I e
3 -5

28. The three pivot columns of A form a basis for Col A, so
Col A is a 3-dimensional subspace of [2*. The equation
Ax = 0 has [our free variables, so dimNul A = 4.

|6 _ 3/2
3. x| = [5} 32, x| = [-—1/2]
dimColAd =3 36. rank A = 2

37. a. False. See the definition at the beginning of the section.
b. True. See the paragraph hefore Example 4.
¢, True. See Theorem 12,
d. Falsc. See the Warning alter Theorem 13.
e, ‘True. Scc Example 5.

e
=

38. a. Falsc. A subspace must satis{y three conditions, only one

of which involves the zero vector.

. False. See the paragraph after Example 4.

. False. See the paragraph before Example 4.

. True. See the delinition of coordinate vector.

. True. See the paragraph after Example 11.

40. Let H = Span{v,...., v }. Then {v,,..., v,} spans T by
definition. Since {v,..., v,} is lincarly independent, 1t is a
hasis tfor H.

42. The p columns of A span Col A, by definition. If
dim Cal A = p, then the spanning set of p columns is

[ =R =

automatically a basis for Col A, by the Basis Theorem, and
henee the columns are lincarly independent.

44, Tt A contained more vectors than B, then A would he
lincarly dependent by Exercisc 43, because B spans W, This
is impossible, becaase A s a basis for W. Repeat the
argument with B and A interchanged to conclude that B
cannot contain more veclors than VA,

5 2 0
46. [M] Col A: 4 ! 2.
3 11713
) -5 6
—60 —122
154 309
Nul A: 47 |. 94
| 0
0 |

Chapter 2 Supplementary Exercises, page 177

18. [M] If J denotes the n < n matrix of oncs, then
-1 1
A =J 1y and A — ——-J - I,
n— 1

Progf: Observe that /2 — af and

A = —DJ =0~ ] (n - 1} Now compute
Afn— T =Dy = (n—=1) "AJ — A, =
J—(J—I)=1. Sincc A, is squarc, A, is invertible and its
inverse is (n -~ 1L — .

CHAPTER 3

Section 3.1, page 185

2.2 4. 20 6. | 8 —11
10. —6. Start with row 2.

12, 36. Start with row 1 or column 4.
14. 9. Start with row 4 or column 5.
16. 2 18. 20

20. ad — be, atkd) — blke) = k(ad — be). Scaling a row by &
multiplies the determinant by .

22, ad — be, (ud + ked) — (be 4 kde) = ad — be. Row
replacement does not change a determinant.

24. 2a — 6b + 3¢, —2a + 6h — 3e. Interchanging two rows
reverses the sign of the delerminant.

26, 1 28. k 30. -1




2

. k. A scaling mairix is disgonal, with & on the diagonal and
with 1's as the other diagonal entries. The determinant is the
product of the diagonal entries.

_ |4 h - — hle o= Lo - -
. det FA = [ ke kd | akd — bke = klad - be)
~ (det E)dlet A)
detEA = | bl —at = ) btka + o)
- de ka+c¢ kbt d e ( ¢

= ukb + ad — bka — be  (+Diad — ko)
(det E)(dct A)

. detkA = k7 -det A

. a. True, Sce the paragraph preceding the definition of det A.
b. False. See the definition of cofactor, preceding Theorem
1.

. a. False. S¢e Theorem 1.
b. False. See Theorem 2.

The area of the parallclogram and the deierminant of [v v |
are both he. The determinant of [u v]is —be. Both
matrices delermine the same parallelogram, with base of
length ¢ and height 4.

. [M] Thcorem 6 in Section 3.2 will show that

det AB = (det A)det B).

. {M] If A is invertible, then det A # 0, by Theorem 4 in
Section 3.2. Students will be asked in Exercise 31 of
Section 3.2 to prove that det A~ = | /(det A).

.

ction 3.2, page 193

- A conslant may be factored oul of one row.

- A row replacement operation does not change the
determinant.

—18 8. 0
0 16. 21

Not invertible

10. 24
18. 7

12
20. 7

114

Linearly independent

Lincarly dependent

a. True. Theorem 3(a).

b. False. Il scaling operations are uscd to produce {7, then
the formula described may not give det A. See the
paragraph following Example 2.

¢. True. See the remark following Theorem 4.

d. False. See the warning after Exaraplc 5,

a. True, By Theorem 3(b}, the first interchange changes
only the sign of the determinant, so the second
interchange restores the original sign of the determinant.

30.

32.
34.

36.

38

by

40.

42,

44.

46.

A7S5
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b. False. True when A is tiangular (Theorem 2 in
Sectiom 3.1),
¢. False. The conditions deseribed provide only some cases
when det A is zero, See the paragraph afier Theorem 4.
d. False. See Theorem 5.

If two rows are equal, interchange them, This doesn’t change
the matrix, but the sign of the delerminant is reversed. This is
possible only if the determinant is zero. The result about
columns can he explained the same way, or one can remark
that if A has two equal columns, then AT has two equal rows.
[n this case, det A" = 0. So det A = 0, too, by Theorer 5.

det (rA) = r*-det A
det (PAP™") = (det PY(det A)(det £~

= {det P){det A)det P!
= dctA

0 = detA* = (det AV, by Theorem 6, So det A = 0, which
imnplics that A is not invertible, by Theorem 4.

By Theorem &
By Exercise 31

— - 6 0 —
det AR = det {2 OJ =0

(det AYdetB) = (-6 +6)(—-4+2) =0
a. —2 b 32 e 16 d. 1 e —1

b =
1 +d

Il +a+d+ad ~ be AlsodetA + detB = | + (ad — be).
Since det (A + B) — (det A + detB) = g + d, we have
det(A + B) = detA + detBifand only ifu + o = 0,

det (A + B) — det { ! j “

del AE = det(AE)T Theorem 5
— det ETAT Scction 2.1
= (det E" et ATy Theorem &
= {det )(deL A) Theorcm 5 used twice

[M] For A as in Exercise 11 of Section 2.3, det A = —1 and
cond A = 23683, Although A is ncarly singuar, it has an
nverse:

0 -2 P
At | TMo—d01 195 -203
19 549 —267 -278
-7 -195 95 —99

‘The determinant is sensitive (o scaling, but the condition
number docs not change:

det (104) = 10%(—1), det(.14) = (07*(— 1), but
cond (104) = cond (. 1A) = cond A.

The same things happen when A = [,
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Section 3.3, page 204

—4
5/3 -3/2
2. _2/3] 4. [ ]/2] 6. [_1:]
8. All real s o 3s+12 _ 2y —9
R real s X = E 3 Xa S
65 — 2 1
L sEO /A o= T -
10.5201/4 %= 30" 27 3@-1
el 37 -1 3 7
12.adja=| 0 0 s|la'=1l 0 0 s
L2 -1 -4 2 -1 4
rs -3 % 5 -3 -3
4 adid=| 2 -2 -3[,4'=¢D| 2 -2 -3
-4 3 6 4 3 6
-9 —6 14 9 ¢ 14
16, adjiA=| 0 3 —1|.Aa'=-L1 0 3 -
L0 o0 -3 0 0 -3

18. Each cofactor in A is an integer because it is just a sum of
products of entries of A. Hence all the entrics in adj A are
integers. Since det A = 1, the inverse formula in Theorem 3
shows that all the entries in A~! are integers.

20. 7 22. 21 24. 15

26. By definition, p + § is the set of all vectors of the form
p + v, where vis in 5. Applying T to a typical vector in
p + 8, we have T(p + v} = T(p) + T(v). This vector is in
the set denoted by T(p) + T(5). This proves that T maps the
set p + § into the set T(p) + T(S).

Conversely, any vector in T(p) + T(S) has the form
T(p)y + T(v) for some v in $. This vector may be written as
T(p + v). This shows that every vector in T(p) + T(8) is the
image under T of some point in p + 8.

28. Use Theorem 8. Or, compute the vectors that determine the
image, namely, the columns of

14 2
Afb, bz]"[_3 1]
The determinant of this matrix is 20.

30 Letp = (x3, y;)and lct R’ = R — p. The vertices of R’ are
Vi = (& = X3, ¥~ ¥3) V2 = (x2 = X5, ¥2 — y3), and the
origin, Then
{area of R} = {area of R'}

_ 1] area of parallelogram
determined by v; and v;

2
Xy — X3 X3 — X3
Yi» Y2 ¥

1
Edct (1)

Also, using row operations, we get

el W |
det | xz ¥z | =del

xoys L

(51— »—yp 0
Xy T X3 Y2 ¥ 0

L X3 ¥3 1

X1~ Xy AT )

X~ X Y2 — ¥

= det

X — X X2 — X
=det | 3 .z 3
Y1r—» Y2 7 ¥a

This calculation and (1) give the desired resuit.

32. From the formula in the excreise,

{volume of S} = Harea of hase}- {height} = }
because the vectors €, e, ey have unit length. The
tetrahedron §° with vertices at 0, v;, vz, and vs is the image
of § under the linear transformation 7' such that T'(e,) = vy,
T(e;) = v,, and T(es:)} = vy. The standard matrix for T is
A=1[v, v; v;] By Theorem 10,

{valume of §'} = |det A|- |detiv, v v3]i

1 =1
& 6

34. [M] MATLAB:

x2 = det([A(:,1) b A{:,3:4)])/det(Rh)

CHAPTER 4
Section 4.1, page 217
2. a. Given [;} in W and any scalar ¢, the vector

¢ [XJ = [if] is in W because (ex)cy) = cXixyy = 0,
since xy = 0:
b. Example: Ifn = { :_ﬂ and v = ﬁ] ,then w and v are

inW,butu + visnotin W,

Iy’

u and v are on the line, but u + v ig not.
6. No, the zcro pelynomial is not in the set.

8. Yes, The zero veclor is in the set, H. [f p and q are in A, then
{(p+qX0) = p(O) + q(0) = 0,s0p + qisin H. Also, for
any scalar ¢, (cp)(0) = ¢-p(0) = c-0=0,s0cpisin .




. W = Span{u, v}, where u =

2
H = Span{v}, wherc v = [ (}J .By Theorem 1, H isa
—1
subspace of R,

1
'l . —_
2

0
Theorem 1, W is a subspace of R*,

. No, because the cquation vy + ¢7v2 + c3v3 = w has no

solution, as revealed by an echelon form of the augmented
matrix for this equation.

. Not a vector space because the zero vector is notin W

4 3 0

0 0 0

- 5= It |1
-2 0 1

. a, The constant function f(f) = 0 is continuous. The sum of

two continuous functions is continuous. A constant
multiple of a continuous function is continuous.

- Yes, Sce the proof of Theorem 12 in Section 2.9 for a proof

that is similar to the onc needed here.

- a. Talse. The zero vecior in V is the function £ whose values

f(t) are zero for all ¢ in R. See Example 5.

b. False. See the definition of a vector. An arrow in
three-dimcnsional space is un example of a vector, but not
every vector is such an arrow.

¢. False. Exercises 1, 2, and 3 each provide an example of a
subset that contains the zero vector but is not a subspace.

d. True. Sce the paragraph before Example 6.

e. Falsc. Digital signals arc used. See Exampie 3,

a. True. Sec the definition of a vector space.

b. Truc. See statemeni (3) in the box before Example 1.

¢. True. See the paragraph before Example 6,

d. False. See Examplc 8.

e. False. The sccond and third parts of the conditions are
stated incorrectly. In part (i) here, for example, there is
no statement that u and v represent all possible elements
of A.

a3 b5 ¢4
a4 h7 ¢33 d.5 e 4

u=|-u Axiom 10
=c¢ 'cru = Yew Axiom 9
=c0=0 Property (2)

32,

M,

36.
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Both A and K contain the zero vector of V because they are
subspaces of V. Hence 0is in # N K, Take u and v in

H N K. Then u and v are in both H and K. Since H is a
subspace, u + v is in H, Likewise, u + v is in K. Hence

u + visin / M K, For any scalar ¢, the vector cu is in both
H and K because they are subspaces. Hence cuis in H N K.
Thus H M K is a subspace,

The union of two subspaces s not, in gencral, a subspace.
In R?, let H be the x-axis and K the y-axis. The sum of a
nonzero vector in A and a nonzero veetor in K is not on
either the x-axis or the y-axis. So / U X is not closed under
vector addition, and # U K is not a subspace of R2,

[M] Anechelon formof [A y]shows that Ax = yis
consistent. In fact, x = (5.5, =2, 3.5).

IM] The functions are sin 3¢, cos 4¢, and sin 5¢.

Section 4.2, page 228

8.

10,

12.

14.

16.

18.

22,

[s 2
13 23

L 8 14 0

0
= [0:‘ 50 W is in Nul A.
8 -1
1 0
. 0], 0
1 0
o 0 1
W is not a subspace because 0 is not in W. The vector
(0, 0, 0) does not satisfy the condition 57 —~ 1 = s + 2¢.

6
. 6.

»

19 5
12
1 2
-6
2
1
0

- oo o

0
L0

W is a subspace of R* because W is the set of solutions of
the system

at+3b—c¢ =10
at b+e—d=0

If (b — 5d,2h, 24 + 1, d) were the zero vecior, then
2d + 1 = 0and d = 0, which is impossible. So 0 is not in
W, and W is not a subspace.

-1 2
W =Coldford = [ 1 _2} . 50 W is a veclor space by
3 -6
Theorem 3.
1 —1 0
2 1 1
0 5 —4
L6 0 1
a3 b 4 20. a. 5 b 1
7
4, 11. .
| in Nul A, [UJ m Col A. Other answers possible.
0
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24.

25,

26.

28.

30.

32,

M.
36.

w is in both Nul A and Col A.
Aw=0,and w = —la, +a,

a. True, by the definition before Example 1.

b. False. See Thcorem 2.

¢. True. See the remark just before Example 4.

d. Fulse. The equation AX = b must be consistent for every
b. Scc #7 in the table on p. 226.

e. True. See Fig. 2. (A subspace is itsclf a vector space.)

f. True. See the remark after Theorem 3.

a. True. See Theorem 2. (A subspace is itself a vector
space.)

b. Truc. See Theorem 3.

¢. Falsc. Sce the box after Theorem 3.

d. True. See the paragraph after the definition of a linear
transformation.

e. True, See Fig. 2. (A subspace is itself a vector space.)

f. Truc. Sce the paragraph before Example 8.

The two systems have the form Ax = v and Ax = 5v. Since
the tirst system is consistent, v is in Col A. Since Col A is a
subspace of B3, 5v is also in Col A, Thus the second system
is consistent.

The zero vector By of W is in the range of T, because the
linear transformation maps the zero vector of 'V to Oy.
Typical vectors in the range of T arc T(x) and T (w), where
x, ware in V. Since T is a linear transformation,

T(x)+ T(w)=T(x+w) Intherangeof T

Thus the range of T is closed under vector addition. Also, for
any scalar ¢, e 1 (x) = T{cx), since T 15 a linear transfor-
mation. Thus ¢+ T(x) is in the range of T', so the range is
closed under scalar mulliplication. Hence the range of T isa
subspace of W.

p(5) = t, p2(t) = 1. The range of T is { {Z] T real}_

The kernel of T is {0}

Since Z is a subspace of W, the zero vector Oy of Wisin Z.
Because T is lincar, T maps the zero vector Oy of V1o Oy,
Thus Oy is in U = {x: T(x} is in Z}. Now take uy, u; in I/,
Since T is linear,

Tlu +uy=Tw) + T'wy) ()
By definition of Z, T(w;) and T(u;) are in Z, and so the sum
on the right of (*) is in Z because Z is a subspace. This
proves that w, + a, is in I/, so U is closed under vector
addition, For any scalar ¢, ¢-T{(u,) is in Z because Z is &
subspace. Since T is linear, T{cw,) is in Z. Hence cu, is in
I/. Thus I/ is a subspace of V.

37,

38,

39.

40.

[M] wisin Col A. In fact, w = Ax for
x = {(1/95, —20/19, —172/95,0).

w is not in Nul A because Aw = (14,0, 0, 0),

[M} wisinColA and in Nul A hecause w = Ax for
X ={~2,30 ) and Aw = (0,0,0,0).
[M] The reduced echelon form of A is

1o 1/3 0 10/3
0 1 1/3 0 —26/3
0o 0 0 1 —4
0o 0 0 0 0

a. Most students will row reduce | B az Jand [B a5 ] to
show that the equations Bx = a; and Bx = as arc
consistent. You can use a discussion of this part to Icad
into Examples 8 and 9 in Section 4.3.

b. The methoed of Example 3 produces
(—1/3,- 1/3,1,0,0yand (—10/3,26/3,0,4, ).

c. This part reviews Section 1.8. An echelon form of A
shows that the columns of A are linearly dependent and
do not span B4, By Theorem 12 in Section 1.8, T is not
one-to-one and 7" does not map R* onto (B,

[M] Row rcductionof [v;, vz —vy —wvg 0]yields
1 0 0 -10/3 0
0 1 0 26/3 0
4] 0 | —4 ]

The general sohtion is a multiple of (1(}, —26, 12, 3). One
choice for wis 10v, — 26w, { = 12v3 + 3vy), which is
(24, —48, —24). Another choiccis w = (I, =2, —1).

Section 4.3, page 237

2.

No, the sct is linearly dependent because the zero vector is in
1 0 0

the sct. The ¢olumns of [0 0 1 } do not span R, hy
1 0 ¢

the Invertible Matrix Theorem.

Yes. See Examnple 5 for an example of a justification.

1 -4 1 —4
No, 2 -5 ~10 3 {. The matrix does not have a
-3 6 0 0

pivot in each row, so its columns do not span B and hence
do not form a basis. However, the columns are linearly
independent because they are not multiples. (More precisely,
neither column is a multiple of the other.)

. No, the vectors arc lincarly dependent because there are

more vectors than entrics in cach vector, However, the
vectors do span R?,




10.

5 -7
4 -6 ]
IS
0 3
0 |
-2 —4
[ 1]
. Basis for Nul A: 0 7/5
1] I
] 0
| -5 -3
. 2 -5 2
Basis for Col A: L ol 5
3 -5 -2

VL v, v

8. IM] {v,, v, v.}

- The three simplest answers are {v,, vahor {vy, v3}or {vy, v, ).

Other answers are possible.

- & False. The zero vector by itsell is linearly dependent, See

the paragraph preceding Theorem 4.
b. False. The set {b, ..., b} must also be linearly
independent. See the definition of 2 basis.
€. True. Sce Example 3.
d. False, See the subscction “Two Views of a Basis”
e. Falsc. See the box before Example 9.

- d. False. The subspace spanned by the set must also

coincide with /. See the definition of a hasis,

h. True, by the Spanning Set Theorem, applicd to V instead
of H.(V is nonzero because the spanning set uscs
nenzero vectors.)

¢. True. Sec the subsection “Two Views of a Basis.”

d. False. See two paragraphs before Example 8.

e. False, See the warning alter Theorem 6,

LetA = [v, v, ). Since A is square and ils columng

arc linearly independent, its columns alse span R”, by the

Invertible Matrix Theorem, So v, v, }is a basis for [2.

A basis is {sin+, sin 2r} because this set i linearly

independent (by inspection), and sin ( cosr = 21 sin 2¢, as

pointed out in Example 2,

fe " te %) The sctis lincarly independent because neither

function is a scalar multiple of the other, and the set spans &

There are more vectors than there are cntries in each vector,
By Theorem 8 in Section 1.6, the set is lincarly dependent
and therefore cannot be a basis for R*

Suppose that {T(v,), ..., T{v,)} is linearly dependent. Then
there cxist ¢y, .. ., ¢,, not all zero, such that

aT{viy+ - + v,y =0

A79
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Since 7 is linear and 0 = i,
7.((AIV] LR (‘pv‘n) - T(O}

By hypothesis, ¥ is one-to-one, so this equation implics that
Vi -+ e,v, = 0, which shows that v, ..., v,}is
tincarly dependent.

33. IM] For inslance, writing (5) with r = 0, 1,2, and .3, the
coelficient matrix of the homogeneous system Ac = 0 jg

(} 0 1 (}

A= A 0998 9801 0993 {(to four
201987 921 1947 decimal places)
3.2955 8283 2823

The matrix A is invertible, o the equalion Ae = 0 has only
the trivial solution, Thus {¢. sinr, cos 2r,sinfcosttiva
lincarly independent set of functions, The MATLAB
commands (o creale A are

L= 1[0 .1 .2 ,31°
A = [t sin(t) cos(2*L) sj_n(tj.*cos(t)]
Notice the . * symbol, which mulliplies matrices entrywise.

34. [M] The MATLAB commands

t=1[0 .1 .2 .3 .4 .5 .67
A = [t cos(t) cos{t)."2 cos(t)." 3
cos(L).”4 cos(t). 5 cos(t). 6]

produce the coeflicient matrix A fora 7x7 system of
equations of the form

€1t er o8t o escostE e cr(costy =0

The matrix A is invertible, so the system A¢ = 0 has only the
trivial solution, which shows that Lhe functions
Lcoss ..., cos®r are linearly independent.

Section 4.4, page 248
2. 4. [ 1 6. 81 0
5 s 2

5
3 2 0% - 7
0. | -1 0 -2 12, [ 5J 4, | -3
4 -5 7 -
15. a. Truc, by definition of the B-coordinate vecior.
b. Faise. Sec equation (4).
¢. False. P'5 is isomorphic to R, See Example 5.

16. a. True. See Bxample 2,
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18.

20,

22,

24.

26.
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b. False. By definition, the coordinate mapping goes in the
reverse dircction.

¢. I'rue, when the plane passes through the origin, as in
Example 7.

Since b, = I+b; + +by + - - + 0-b,, thc B-coordinate
vector of by 1s

1

0
bz = | .| &

0
Foreach k. by =0-b; +---+ I:by + -+ + (b, s0
[hklg:(O ..... ]....,0)=ek.
For w in V, there exist scalars ki, ..., ks such that

W:k|V]+"'+k4V4 (])

because {v,, ..., v4} spans V. Also, because the set is linearly
dependent, there exist scalars ¢), ..., ¢4, not all zero, such
that

0=y + -+ gy
Adding gives
w=wE0=(k talv -tk Tl

At least one of the weights here differs from the
corresponding weight in (1) because at least one of the ¢; is
nonzero. So w is expressed in more than one way as a linear
combination of vy, ..., Vy.

Let Py = [ by b, ]. Then Pg|x|z = x and

Xl = Py 'x. As mentioned in the lext, the correspondence
X — Pp'x is the coordinate mapping, so the desired matrix
isa =Pz

Giveny = (y1,..., v m R letu = y b, + -+ y.b,.
Then, by definition, [u]y = y. So lhe coordinate mapping
transtforms u into y. Since ¥ was arbitrary, the coordinate
mapping is onlo.

w 15 a linear combination of uy, . . ., u,, if and only if there
exist scalars ¢y, ..., ¢, such that

W= T G, 2)
Since the coordinate mapping is linear,

[wlg =l lg + -+ +cplu,ls (3)

Conversely, (2) implies (3) because the coordinate mapping

is enc-lo-une. Thus w is a linear combination of uy, ..., uy il
and only if {3) holds for some ¢y, .. ., ¢;,, which is equivalcnt
to saying that [w)y is a linear combination of

[“i]ﬂ?; s [upli’?-

1
28. Linearly dependent because the coordinate vectors 72
-3
0 1
: 3 are linearly d dent
ol | =2 nearly dependent,
1 0
1
30. Lincarly dependent. The coordinate vectors Wz .
-1
4 0
—12 0 .
9 | 3 | o lingarly dependent.
0 -4
5
32. [M] Lincarly dependent. The coordinate vectors 72 .
2
9 6
1 -2 .
g | 5 | @ linearly dependent.
-6 0

34, [M] Row reduction of | v, v, v3]shows that there is a
pivot in cach column, so the columns are linearly inde-
pendent and hence form a basis for the subspace H which
they span.

3
[x]z = [5]
2

1.30
36. [M] 15
1.60

Section 4.5, page 255

e T
2.1 -3, 0]:dimis?2 4, 2] o sdimis 2
Lo LA 0 —1
[ 3 6
. 6 2 ..
6. 9| 5 cdimis 2
-3 1




dimis 3

<
_ o o

2 12. 3 14. 3.3 16. 0,2 18. 1,2

a. True. Sce the box before Example 5,

b. Falsc, unless the planc is through the origin. Read
Example 4 carcfully.

¢. False. The dimension is 5. Sce Example 1.

d. False. § must have exactly n elements 1o be a hasis for V.
See Theorem 10.

e. Truc. See Praclice Problem 2.

a, False, The only subspaces of R® arc listed in Example 4.
RK? is not even a subset of R, because vectors in R* have
three coordinates. Review Example 8 in Scction 4.1.

b. False. The number of free variables cquals the dimension
ol Nul A. See the box before Example 3.

¢. False. Read carcfully the definition hefore Example 1.
Not being spanned by a finite set is not the same as being
spanncd by an infinite set. The space R? is finite-
dimensional, yet it is spanned by the infinite set § of all
vectors of the form (x, v), where x and y ar¢ integers. (Of
course, the lwo vectors (1, 0) and (0, Yin § by them-
selves span [§°,)

d. False. § must have exactly » elements to be a basis of V.
See the Basis Theorem.

e. Truc. See Example 4.

Dbviously, none of the Laguerre polynomials is a linear
combination of the Laguerre polynomials of lower degrec.
By Theorem 4 (Section 4.3), the set of polynomials is
incarly independcent. Since this set contains four vectors,
md P is four-dimensional, the set is a basis of P, by the
3asis Theorem.

Pl = (5, —4.3)

fdimV = (), the statement is obvious. Otherwise, #

ontains a hasis, consisting of » linearly independent

‘ectors. By the Basis Theorem applied to V, the vectors form

 basis for V,

he space C(R) contains the space P as a subspace, If C(R)

vere linite-dimensional, P would be finite-dimensional, too,

y Theorem 11. This is not true, by Exercise 27, so C{R)yis

ifinite-dimensional.

. False. This is not Theorem 9. I x in V is nonzero, the set
0.%2% . .., (p— Lx}is linearly dependent, no matter
what the dimension of V.

- True. If dim V were less than or equal to p, V would have
a basis of not more than p elements. Such a set would
span V. Since this is not the casc, dim V must be greater
than p.

P = 4 0 -20 0
] 0 —44
16 }

L 32
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¢. False. Counterexumple: Take any nonzere vector v, and
consider the set {v, 2v, 3v, .. ., (p — 1wl

32. Let{uy,....u,} be a basis tor H. Then {Tp,.... T(u,)}

spans T'(H), as is casily seen, Further, since T is one-to-once,
Exercise 32 in Section 4.3 shows that {T(uy), ..., T{u,)}is
linearly independent, So this set of images is a basis for
TH). Sodimf = pand dim T(H) = p.

33, [MI a. {v, vy, va 65 84}

b. The first & columns of A are pivot columns because, by
assumption, the erigingl & vectors are lincarly
independent. Col A = F*, because the columns of A
include all the columns of the identity matrix.

34. [M] The B-coordinale vectors of the vectors in C are the

columns of the matrix

(J 0 -1 0 1 6 17

a. This problem is an [M] excrcise because it involves a

large matrix. However, onc should always think about g
problem before rushing to use a matrix program.
Actually, neither part of this excreise requires a matrix
program. Simply ohserve that the matrix P is invertible
because it is triangular with nonzero entrics on the
diagonal. So the columns of # are lincarly independent.
Because the coordmatc mapping is an isomorphism, the
vectors in C are lincarly independent.

b. dim H = 7, because B is a basis for H with 7 elements. i

Since C is linearly independent, and the veetors in C lic
in H (becausc of the trig identities), C is a basis for H, by
the Basis Theorem. (Another argument is to use (he fact
that the B-coordinate vectors of the vectors in span R7,
s0 the vectors in € span #, but you must distinguish
between vectors in B and vectors in H.)

Section 4.6, page 263

2, rank A = 3, dimNul A = 2;

1 4 9

e . 2 -6 —10
Basis for Col A: 3l =6l | -3
3 4 0

Row A: {1, =3,0,5 —7).(0,0,2, —3,8),{0,0,0,0,5)
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3 -5
| 0
Basis forNula: | 0], | 3/2
0] 1
o] Lo
4. rank A = 3; dimNulA = 3;
(11 7 17 [ 7
1 2 10
BasisforCold: [ 11}, 1], 1
1 -3 -5
1] L-2f L o
Basis for Row A: (L1, =379, —9,(0, 1, —1,3,4, =3),
(0,001, -1, =2)
27 [-91 [-2
1 -7 -3
o 1 \; 0
Basis for Nul A: ol e 2
0 1 0
o L 0] L !
6. 0,33
8. 2. I is impossiblc for Cal A to be R* because the vectors in

10.
14.

16.
17.

18,

Col A have 3 entries. Col A is a four-dimensional subspace of
[,
1 12. 2

3, 3. If A is 4% 3, its rows are in R* and there can be at most
three linearly independent vectors in such a sct. If A 1s 4X3,
it cannot have more than three linearly independent rows
because there are only three rows,

0]

a. True. The row vectors in A are identified with the
columns of AT, See the paragraph before Example 1.

b. False. See the warning after Example 2.

¢. True. See the Rank Theorem.

d. False. See the Rank Theeorem. The sum of the two

dimensions equals the number of columns in A.

True. Sce the Numerical Notc before the Practice

Problem.

False. Review the warning after the proof of Theorcm 6

in Section 4.3,

b. False. See the warning after Example 2. For instance, a
row interchange usually changes dependence relations
among the rows.

¢. True. See the remark in the proof of the Rank Theorem.

d. True. This fact was noted in the paragraph before

Example 4. It also follows from the fact that the rows of a

matrix—say, AT—are the columns ol its transpose, and

ATl = A,

True. See Theorem 13,

2

H

a

€

+

20.

22,

24.

26.

28.

30.

3.

Lv=(1, -3 4=

No. The presence of two free variables indicates that (he null
space of the coefficient matrix A js two-dimensional. Since
there arc cight unknowns, A has eight columns and therefore
must have rank 6, by the Rank Theorem. Since there are only
six cquations, A has six rows, and Col A is a subspace of RS,
Since rank 4 = 6, we conclude that Col A = R®, which
means that the equation Ax = b is consistent [or all b.

No. The coefficicnt matrix 4 is 10X 12 and hence has rank at
most 10. By the Rank Theorem, dim Nul A will be at least 2,
80 Nul A cannot be spanncd by one vector.

The coelficient matrix A in this case is 7 X 6. It is possible
that for some b in &7, the equation Ax = b has a unique
solution. In this case, there are no free variables, so the rank
of A must equal the number of columns, by the Rank
Theorem. However, in any case, the rank of A cannot exceed
6, and so Col A must be a proper subspace of (8. Thus there
exist vectors in R’ that are not in Col A, For such right-hand
sides, the equation Ax = b will have no solution.

When an m > n matrix 4 has more rows than columns, A can
have al most # pivot columns, So A has full rank when all n
columns are pivot columns. This happens if and only if the
equation Ax = 0 has only the trivial solution, that is, if and
anly if the columns of A are linearly independent.

a. dimRow A = dimCol A = rank A, by the Rank
Theorem. So part (x) [ollows from the second part of that
theorem. ’

b. Apply part (a) with A replaced by AT and use the fact that
Row AT is just Col 4.

The equation Ax = b is consistent if and only if
rank {A b] = rank A

because the two ranks arc equal if and only if b is not a pivot
columnof [A b |. The result follows now from Theorem 2
in Section 1.2,

1
=3
4

Since A can be reduced to an echelon form U by row
operations, there exist invertible clementary matrices
..., E,. such that (E, -+ E)A = U, und

A = (E, E\)"'U. since the product of invertible matrices
is inventible. Let £ = (E,--- E;) . Then A = EU. Denote
the columns ol Eby ¢, ..., €. Since rank A = r, its cchelon
torm &/ has r nonzero rows, which we can denote by
dal,...,d!. By the column—row expansion of E{/




(Theorem 10 in Section 2.4),
[di ]
d‘T

Cp } 0r

o)
[M] a. Many answers are possible. Here are the
“canonical” choices, for 4 = [a;, a5 .- a;

A=EU = ¢ =ed +- +ed!

-13/2 -5 37

=11/2 —~i/2 —2

1 0 ]

C=[3| a ay 4, = 0 ]'/2 —7

0 1 0

0 0 —

0 0 i
I 0 13/2 o 3 0 -3
r= 9O P /2 0 172 9 o
0 0 0 1 —-11/2 o 7
0 o 0 0 0 1

b. M = [2 41 0 - 923 117", The matrix | R7 ANis

77 beeause the columns of &Y and & arc in R’, and
dimRow 4 + dimNul A4 = 7. The matrix | ¢ M 1is
3% because the columns of C and M are in R and
dim Col A + dim Nul A7 = 3, by Exercise 28(h). The
invertibility of these matrices lollows from the fact that
their columns are linearly independent, which can be
proved from Theorem 3 in Section 6.1,

VI] In most cases, C will be 6 x4, constructed from the
rst [our columns of A, B will be 4 % 7, N will be 73, and
[ 'will be 62,

] The C and R given for Exercise 35 work here, and
= CR,

I] In gencral, il A is nenzero, then 4 = CR because

R=C[r, r, = Cr, - Cr,]
explain why the matrix on the right is A itself, we

nsider the pivot columns of 4 (i.e., the columns of ) and
1 consider the nonpivat columns of A,

The ith pivot column of R is €; {the ith column of the
atity matrix), So Ce; is the #th pivot column of A. Since A
1 R have pivot columns in the same location, when € mul-
lies a pivot column of R, the result is a pivet column of A,
he correct location,
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A nonpivot column ol R—say, r,—contains the weights
needed to construct column J ot A from the pivot columns in
A, as discussed in Example 9 of Scetion 4.3 and the para-
graph preceding thai cxample. Thus r; contains the weights
nceded to construct column J from the columns of C, so
Cr;=a,.

Section 4.7, page 270
-1 5 10 .
R I S
2 0 -3 —4
6. a. [ﬁl 3 OJ b. [*7J
12 3
8 P _| 3 2 p _ |3 2
TEE | —4 30 moT Iy 4

8 3 p 23
-5 -2 T 5 g

11. a, Falsc. See Theorem 15,
b. Truc. See the first paragraph in the subscetion “Change of
- Basis in R7.”
12. a. True. The columns of L are coordinate vectors of the

linearly independent sct B. See the second paragraph
afier Theorem 15,

b. False. The row reduction js discussed after Examplc 2.
The matrix P obtained (here satisfies [x|c = Pix]s.

o2 g
Moa Po=| 0o 1 2

=3 -5 0

X 0
h. Solve ('f’b‘ Xz ( = | O, and obtain

A3 1
=301 -3 -2 4y — S+ (1 + 20,
16. a. pFp = P P Reason: bln = pEqlb;]c. So,
by Theorem 15 and the definition of matrix multi-
plication:

pln=[Ibilp Ibylp] = [28cibile pPeibyic]

m P, =

= ;ch[lbl le I ]r_] = ch‘ff@

17. a. [M] P! =
|‘32 0 16 0 Iz 0 10
32 0 24 0 20 0

1 6 0 16 o |s
L 8 0 w0 o
32 4 0 6
20

i 1



18. [M] [et (= {yg, ..
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b. cosis = (1/2)|1 + cos2¢t]
cas®t = (1/M[3cost + cos 3]
costr = (1/8)[3 + dcos2r + cos 4]
cos’t = (1/16)[ 10 cos¢ + 5cos 3r + cos 5t}
cos’t = (1/32)[10 + 15cos 2t + 6cos4r + cos 6f]

., ¥¢}, where y; is the function cos kt.
Then the C-coordinate vector of

Scostt —6costr + Scos’r — 12costris

(0,0.0,5 —6, 5. - 12). Left-multiplication by the inverse of
{he matrix P in Exercise 17 changes this C-coordinate vector
inte the B-coordinate vector (—6, 55/8, —69/8,45/16,
—3,5/16, -3/%). So the integral (8) in this exercisc equals

55 a9 45
—6+ —cost — — cos2t + — cos 31 — 3 cos
/{ 6 3 cost 3 cos 2t lﬁws f— 3cosdt

3 .
+ ng cos 5r — A cos ()t‘J dt

From calculus, the integral equals

5! g 15 3
—6r + ?sinr - ?—é sin 2t + 1% sin3r - 1 sin 44

1. 1 .
— §in 5t — — sin6r +
+16s1n51 16\11161 C

Section 4.8, page 280

2. 1f yi = 3*, then ypy = 37 and 1o = 3* 2. Substituting

these formulas into the left side of the equation gives

Viez ~ 9w =312 - 9-3
=333 -9 =30 =0 foraltk

Since the dilference equation holds for all &, 3% is a solution.
A similar calculation works for vy, = (— Dk

Vier — Oy = (=3F'2 - 9(=3¥

= (=33 9]

= (=0 =0 forallk
. The signals 3 and (—3)* arc linearly independent because
neither is a multiple of the other. If # is the solution space of
the difference equation in Exercise 2, then dim H = 2, by
Theorem | 7. So the two linearly independent solutions form
a basis for A, by the Basis Theorem in Section 4.5.
6. If v, = 5 cos (’%), then

. k+2 g
Vidr T 25w = 552 cos ((—ZE) +25-5% cos (%I)

5572 | cos }ﬂ+~n’ + cos km
. 2 A2

=0 forallk

hecause cos(f + ) = — cost for all £. A similar calculation
holds for z, = 5% sin (’%) using the trigonometric identity
sin(¢ + ) = — sin1. Thus y; and z; are both solutions of the

difference equation v+ + 25y = 0. These solutions are
obviously linearly indcpendent because neither is a multiple
of the other. Since the solution space H is two-dimensional,
v; and z; form a basis for H, by the Basis Theorem.

8. Yes 10. Yes

12. No two signals cannot span a four-dimensional solution
space.

14, 3% 4 16 (D)5 (-

18.

20,

22,

23

The auxiliary equatien is #? — 1.35r + .45 = 0, with roots
.75 and .6. The constani solution of the nonhomogeneous
cquation is found by solving 1" — 1.35T +.457 = 1,10
obtain T = 10. The general solution of the nonhomogencous
equation is

Yo = (75 + ca(6) + 10

Leta=—2+ +/3andbh = -2 — \ﬂ Then ¢ and ¢; must

satisty

a b e o_ 5000
a Pl 0

Solving (by row operations or Cramer’s rule), we oblain

5000
ab — baV

1.4,0,—-14,-2,-1.4,0, 14,2, 14

Yr = c.a"’ + (,‘31‘) - (ﬂkbN - aka)

This signal is 2 times the signal omput by the filter when the
input (in Example 3) was cos{wr/4). This is what is to be
expected since the filter is linear. The cutput should be 2
times the output [rom cos(/4} plus 1 times the (zero)
output from cos(3m/4).

b. [M] MATLAB code:

pay = 450, y = 10000, m = 0
table = [0 ; yI

while y = 450

v = 1.01*y - pay
m=m + 1
table = [table [m ; vi ]
sappend new column
end
m, ¥

¢. [M] At month 26, the last payment is $114.88. The total
paid by the borrower is $11,364.88.




24,

(5]
b
H

34

by

e ——..

a Ve — LO0Sy, =200, y, = 1,000
b. (M] MATLAB code:
pay = 200, y = 1000, table = [0 5 vl
for m = 1:60
y = 1.005%y + pay
table = [table [m ; y] ]
end

interest = vy - 60 *pay

€. [M] The total is $6213.55 at & = 24, $12,090.06 at
k=48, and $15302.86 at k = 60. When & = 60, the
intcrest earncd is $2302.86.

L ke84 3
R T Gl e

. X+ = AXy, where

0 1 0 Y
A= 0 0 1 » X = | Ve
-1/16 0 3/4 Vi+2
Il'as # ), the order is 3; if a3 = 0 and az # 0, the order is 2:

ifa; = a, = Cand g, # 0, the order is I; otherwise, the
order is O (with only the zero signal for a solution).

No, the signals could be linearly dependent, Example: The
following functions are linearly independcnt when
considered as functions en the real line, becanse they have
difterent periods and no one of the functions is a linear
combination of the other two.

fe) = sinq,  g(n) = sin2ar,  A(t) = sin 3wz

Since £, g, and & are zero at every inieger, the signals are
lincarly dependent in S,

. Given zin V, suppose that x, in V salisfies T(x,) =z Also

if mis in the kernel of 7, then T(e) = 0. Since T is linear,
Tu+x,)=T(u t+ T{x,) = 7. So the veclorx = u + X,
satisfies the nonhomogeneous equation Tx) =z

ection 4.9, page 290

2.

From:
a H [ To:
" [95 45|  Healthy
[.05 .55 } il

b. 15%, 12.5%
¢ 925 use x, = [CI)J

4.

1.
12.

14,

16.

18.

20.

21.

A85
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From;:
] I B To:
a. [.6 4 4 Good
{3 3 _SJ Indifferent
.1 3 .1 Bad
bh. 20%
c. 48%
5/7
)

2/5 4
. [I/SJ or [2}
2/5 4

No, because P* has a zero in the lower-lcft corner for all £,

{
a. [:J b. .10, no

1/2
There is a 50% chance of good weather because [ 1/3J is
1/6

the steady-state vector.

IM] The steady-state vector is approximately
(-435,.091, .474), OF the 2000 cars, about 182 will be rented
or available {rom the downtown location.

Ma=p8=0,then [(])] and [?J are the steady-stare

vectors. Otherwise,

' '8}, "
B { o } is the only steady-state

44
vector.
Letf ={p, p Ps 1, so that
Pl=[PPI PDZ PP»?

By Exercise 19(c), the columns of P2 are probability vectors,
0 P2 is a stochastic matrix, Alternatively, SP = §, by
Exercise 19(b), since P is a stochastic matrix,
Right-muHliplication by P yields S£2 = SP. The right side is
Just S, so that SP? = §. Since the entrics in P? are ohviously
nonnegative (they arc sums of products of the nonnegative
entries in P}, this shows that 7 is also a stochastic matrix,

iM] a. To four decimal places,
2816 2816 2816 2816
p+— ps — [-3355 3355 3355 2255
819 1819 1819 1419
2009 2000 2000 2000
2816
_ |-3353
1819
.2009

Note that, duc to round-oft, the column sums are not 1.



2. Yes
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b, To four decimal places.

7354 7348 7351
o = | 0881 0887  .0BR4 [,
764 1766 1765
7333 7353 7353
Ole = @7 - | 0882 .08K2 0882 |,
1765 1765 L1763
7353
q - | .0882
1763

. Let £ be an i a regular stochastic matrix, g the
steady-stale vector ol P, and e, the first column of the
identity matrix. Then Pte, is the lirst column of Pt By
Theorem 18, Pre; — g as k — =. Replacing e, by the
other columns of (he identity matrix, we conclude that
cach column of P¥ converges to g as k — . Thus
PP—Iq q q).

22. [M] (Discussion based on MATLAB Student Version 4.0,

running on a 100-MHz 486 laptop computer with 32 Mb of
memeory) Let A be a random 32X 32 stochastic matrix.

Method (1); The following command line will construet A
and q but not display them, and it will announce the elapscd
computer processing time and the namber ol flops used:
{lype all the commands on one line su they can be recalled
and rerun several limes)

A = randstoc(32); fTlopsi{0):
x = nulbasis{A ~ eye(32]))};
x/sum{x) ; flops

tic,

g = toc,

The time ranged from 1.04 to 1.21 seconds, with 35,463
flops.
Method (2).

A = randstoc(32); £lops(0);
tic, B = A"100; g = Bi:, 1); toec, flops
The time ranged from 1.37 to 1.4% scconds, with 6,488,082
flops. If anly A™ is computed, the time js about 94 seconds,
which is faster than methad (13, even though it uses about

4,522.000 fops,

CHAPTER 5

Section 5.1, page 302

4 Yes A =3++/2 6 Yes A= -2

12.

16.

20,

21.

22.

4.

26.

28

HEd

B -2
A= 3|t A=
2 0
3 0
| 0 18. 4. 0.3
0 1

A = 0. Cigenvectors for A = 0 have entrics that produce
linear dependence relations among the columns of A. Any
nonzero vector (in ) whose entrics sum @ 0 will work,
Find any two such vevtors that are not multiples; for
example, (L. 1, —yand (i, -1, 0).

a. False. The equation AX = AX must have a nontrivial
solution,

b. True. See the paragraph hefore Lhe Invertible Matrix
Theorem box.

c. True. See the discussion of equation (3).

d. True. Sce Example 2 and the paragraph preceding it.
Also, sec the Numerical Note,

e. False. Sec the warning after Exumple 3.

a. False. The vector X in Ax = Ax must be nonzero.

b. False. See Example 4 for a two-dimensional cigenspace,
which contains two linearly independent eigenveciors
corresponding to the same eigenvalue. The statement
given is not at all the same as Theorem 2. In fact, it is the
converse of ‘Theorem 2 (for the case r = 2).

¢. True. Sec the paragraph after Example 1.

d. False. Theorem 1 concerns a triangular matrix. See
Examples 3 and 4 for counierexamples.

e. True. Sce the paragraph following Example 3. The
cigenspace of A corresponding to A is the null space of
the matrix 4 — AL,

Any triangular matrix with the same number in both
diagonal entries, such as 2 e
A '1cs, such as

If Ax — Ax for somc x # O, then

AZx = ALAX) = A(AX) = AAx = A%x. However, Alx =0
because A2 = 0. Therefore, 0 = Ax. Since x # 0. we
conclude that A must be zero, Thus each eigenvalue of Ais
ZOT0.

I A is lower wiangular, then A7 is upper triangular and has
(he samc diagonal entries as A. Hence, by the part of
Theorem | aheady proved in the text, these diagonal entrics
arc eigenvalues of A”. By Exercise 27, they are also
eigenvalues of A




). By Exercise 29 applied to A7 in place of A, we conclude that
s is an eigenvalue of AT, By Exercise 27. s is an eigenvalue
of A.

. Suppose 7" reflects points across a line through the origin.
That line consists of all multiples of some nonzero vector v.
The points on this line do not move under the action of T, So
T(v} = v. If Ais the standard matrix of T, then Av = v,
Thus v is an eigenvector of 4 corresponding to the
cigenvalue 1. The eigenspace is Span {v}.

L. You could try to write x as a linear combination of
eigenvectors, vy, ..., Vo, 0f ALTC A, .., Ap are
corresponding eigenvalues, and ifx, = v, + -+ + CpVp,
then you could define

Xy = C]f\fV| R cp/\::vp
In this case, fork =0, 1,2,. ..,

Ax, = A((,’J)\f"’l + o+ cp)\',"jvp)

= MAv + -+ cpAfAv, Linearity
= (7|)‘f+IV1 o 4 {‘pA'§+1v;J The v; are
=% cigenvectors.
2 0 -1 1
AR U N B
[M] A= —-12: 71 ol A=13 51 0
0 1 0 3
47 [ -2 =1
-1 I 1
[M] A =2: 1], 01, ol
0 1 0
0f | o 2
07 [-17
=2 6
A=3; 01, 1
1 0
0 3|

tion 5.2, page 311

AT — 10X + 16: 8,2

A —8A+342,/13

AT — 11X + 40: no real eigenvalucs
AT — 104 +25;5

A3+ 14n + 12

=A% 5T - 2A - 8

—A+4A2 4250 — 28

51,1, —4

18.

20.

21.

22,

24.

26,

28.

30.

AR7
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h=46

det (AT — AT = det{AT — A7)
= det{A — ADT
det (A — AD

a. False (although true for 2 (fangular matrix). See Example
1 for a matrix whose determinant is not the product of ils
diagonal entries.

b. False, However, a4 row replacement operation does not
change the determinant. See Theorem 3.

¢. True. See Theorem 3.

d. False. See the sofution of Example 4, The monomial
A+ 5 is a factor of the characteristic polynomial if and
only if —5 is an eigenvalue of A; it may also happen that
5 is an eigenvalue.

Transpose property
Theorem 3{c)

I

a, False. The absolute valuc of det A equals the volume. See

the paragraph beforc Example 2.

b. False. A and AT have the same determinant, See Theorem
3.

¢. True. See the paragraph before Example 4.

d. False. Sec the warning after Theorem 4.

First obscrve that if P is invertible, then Theorem 3(b) shows
that | = det (7} = det(PP™") = {det P)(dct P~"). Then, it
A = PEP" ! Theorem 3(b) again shows that

detA = det(PBP )
= (det P)(det B)tdet P~") = det B

b a b B
d]p—[ﬂ d—cu le =U

anddetA = (a)d —ca™'B) = ad — be. Ifq = 0, then

Ifa+ 0, then A = [f‘

|0 b ¢ d| , )
A= [c d} [0 bJ = U (with one interchange),

sodetA = (—1){ch) = 0 — be.

[M] Tn general, the eigenvectors of A are not the same as the
eigenvectors of AT, ynless, of course, A7 = A,

[M] a=32:0=11,2;

a =319 h = 29358, 1, 2.7042;
a=3L8 A= —.1279,1,3.1279;
a=321A=1 15+ 9747,
a=322x=1,15= 1.4663;

1l

1l

Section 5.3, page 319

4,

L[ 151 90
" 16| -225 -134
4—3-2¢ l2-2"—12]
1 —2* 4.2t _ 3
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-2 0 -1
6. A =35 ol,|1]; A=4 2
} 0 0

When an answer involves a diagonalization, A= PDP ' the
factors P and [} are not unique, sO your answer mady differ from
that given here.

8.

10.

12.

14.

16.

18.

20.

21.

22.

24.

Not diagonalizable

T

-2 0 -1 s 0 0
P = o 1 2y.b=|0 5 0
10 0 o 0o 4
2 -3 -2 2 0 0
P i o —-1|.,p=]0 2 0
o 1 l 0 0
4 1 =2 5 0 0
P = 3 0 1lp=]0 5 0
0 3 2 o 0 -3
0 20 0 4 0 0 0
|1 0o 0 0 o 4 00
d o 0 1 0 D=1 0 2 0
o 1 0 1 0 0 0 2
a. False. The symbol 22 does not automaltically denote a

diagonal matrix.

b. True. See the remark after the statement of the Diag-
onalization Theorem.

¢. Balse. The 333 matrix in Example 4 has 3 cigenvalues,
counting multiplicities, but it is not diagonalizable.

d. Falsc. Invertibility depends on 0 not being an eigenvalue.
(See the Invertible Matrix Theorcm given in this section.)
A diagonalizable matrix may or may not have 0 as an
cigenvalue. Sce Examples 3 and 5 for hoth possibilities.

4. False. The o eigenvectors must be linearly independent.
See the Diagonalization Theorcm.

b. False. The malrix in Example 3 is diagonalizable, but 11

has only 2 distinet eigenvalues. (The statcment given is

the converse of Theorem 6.}

True. This follows [rom AP = PD and formulas (1} and

(2) in the proof of the Diagonalization Theorem.

d. False. See Example 4. The matrix there is invertible
because 0 is not an eigenvalue, but the matrix is not
diagonalizable.

C

No, by Theorem 7(b). Here is an explanation that does not
appeal to Theorem 7: Let v, and v; be eigenvectors that span

the two one-dimensional eigenspaces. [f v is any other
cigenvector, then it belongs to one of the eigenspaces and
hence is 4 multiple of cither vy or V2. 50 there cannot exist
threc linearly independent eigenvectars. By the
Diagonalization Theorem, A cannot be diagonalizable.

26. Yes, if the third eigenspace iy only one-dimensional. In this
case, the sum of the dimensions of the eigenspaces will be
six, whereas the matrix is 7 X 7. See Theorem 7(h). An
argument similar to that for Exercise 24 can also be given.

28. 1 A has n linearly independent eigenvectors, then by
Theorem 5, A = PDP ! for some invertible P and diagonal
D. Using properties of transposes,

AT — (PDP—I)T — (Pf l)TDTPT
= (PTy"'\DPT = 0DQ™!

where Q = (PT)"". Thus AT is diagonalizable. By
Theorem 5, the columns of Q are n linearly independent
eigenvectors of AT.

30, A nenzero multiple of an eigenvector is another eigenvector.
To produce Py, simply multiply one or both columns of P by
a nonzero scalar unequal to 1.

28 1 -2 -1
2 1 0 O
M P=|% 5, 1 ol
5 1 0 1
24 0 0 O
¢ 1 0 0
D=4 9 0 -4 o0
0 0 0 —4
1 0 -1 4 -2
g -1 1 -3 1
.My P=|0 2 0 1 1},
3 0 -1 2 0
3 0 1 0 2
7 0 0 0 O
0 5 0 0 0
p=|0 o 5 0 0
o o 0 3 0
o 0 0 0 3

Section 5.4, page 327

2 —4 2 -4 5
(2] [

6. a 2—r+3r—r =+




b. For any p, q in I*; and any scalar ¢,

Tp +q) = |pl) + gq(n)) + £2[pir) + q1)]
= [p() + £p)] + [q) + q(r)
=T+ 7y

Tlep) = [e-pn)] + Plepudl = oo [p(r) + £p(1)]

=T
1 4 0
0 1 0
c |1 0 1
0 I 0
0 {} |

8. 24b, — 20b: + 11h;
). a. Forany p, g in P, and any scalar ¢,

[+ a)X—3)
(p+qi-1)
T(p+q) =
LI U
L(p + q)(3}
[p -3 q(—3
_lee=n] L a0 _. |
I e ol Tip) + T(g)
LPp(3) q(3)
(e p)—3) pi—3)
_ {eep)=1 p(—1){

T‘. e ; — 7:.]"
P L emny | T ey | T
(e p)(3) p(3)

| -3 9 —
T T
Sl I
I 3 9 27

-3}

If there is a basis B such that [1]g is diagonal, then 4 is
similar to a diagonal matrix, by the second paragraph
following Example 3, In this case, A would have three
linearly independent eigenvectors. However, this is not
necessarily the case, because A has only two distinet
eigenvalues,

IfA = PBP™! then A7 = (PBP )(PBP ) =
PB(PT'P)BP™! = PB-1-BP ' = PB’P ' S A? is similar
to B2.

A89
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22. If A is diagonalizable, then A = PDP~! for some £. Also, if
Bissimilar to A, then B = QAQ™! for some . Then

B =QPDP~ N0 = (OPDPT'07Y)
= (OPYQPY

S0 B is diagonalizable.

24. WA = PBP ' thenrank A = rank P(BP ") = rank BRP',
by Supplementary Exercise 10 in Chapter 4. Also,
rank 87 ' = rank 8, hy Supplementary Exercise 11 in
Chapter 4, since £ ' is invertible. Thus rank A = rank 5.

26. I[ A = PDP™! for some P, then the general trace property
from Exercise 25 shows that tr A = 1w ((PD}WP |} =

w{P 'PD] = tr . (Or, one can use the result of Exercise 25
that since A is similar to D, r A = ir £2.) Since the
eigenvalues of A are on the main diagonal of £2, tr D is the
sum of the eigenvalues of A,

28. For each j, i(b;) = b;, and (/(h,)}¢ = [b;]c. By
formula (4}, the matrix lor [ relative to the bases B and € is

(bn IC ]

In Theorem 15 of Section 4.7, this matrix was denoted by
C‘P g and was called (he change-of-coordinates matrix Jrom

B .

b

M= [[bl Ie [b:]e

8 3 -h
30. M| P AP = |0 1 3
0 0 -3
0 —30
=73 e | 7
32, IM] A =2:h, = N A=4d:bh, = 3|
2 0
39 11
5 -3
by = 0 ;A =5 by = nE
3 4

basis: B = {b, by, bz, by}

Section 5.5, page 335

2.0 =341 Fl* ‘J;

4.)&-—4+i,[];”J;

6. A — 43 [IJ A=4+3 [7‘}

8. A= ﬁt?ar’,qoz —7/3 radian, » = \/E=2\/§
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10. A = =5 + 5i, @ = 3m/4 radians, r = 5/2
12. A = +=.3i, ¢ = —7w/2 radians, r = .3
In Exercises 13-20), other answers are possible. Any P that

makes P VAP equal to the given C or to C7 is a satisfactory
answer. First find £: then compute P™'AP.

2 ] L3 -1
wpr=|7 =] 3}
R P
N
1 3] . [8 -6
B.p=1, .C- 6 .S}

20. P =

| -2 71 28 - 96
2 96
22. A(m) = pAX) = p{Ax) = A(.LLX)
24. X'Ax = X (AX) = A-X x becausc X is an eigenvector. It is
eagy to scc that X' x is real (and positive) because 2z 1s
nonnegative for cvery complex number z. Since T'Ax is real,

by Fxercise 23, 80 is A. Next, wrile X = u + iv, where v and
v ure real vectors. Then

AX=Au+iv)=Au+iAv and AX = Au+ Ay

The real part of AX is Au because the entries in A, u, and v
arc all real. The real part of Ax is Auwbecause A and the
entries in w and v are real. Since Ax and Ax arc cqual, their
real parts are equal, too. (Apply the corresponding statement

about complex numbers to cach entry of Ax.) Thus Au = Au,

which shows that the real part of x is an cigenvector of A
26. a. If A = a — bi, then

Av = Av = (g — biHRev + ilmv)
= (aRev+ bImy) +i(aIlmv — FRev)

Re Av Ivav
By Exercise 25,

ReAv = aRev + hImy
ImAv = —bpRev+almy

A(Revy =
Allmv) =

bh. Let P = [Rev Imv]. By (a),

A(Rev) = P [ﬂ ,A(Imvy) = P [*b]

4
So
AP = [ARev) A(Imv}]

el L]

_b] e
a

1 —1 0 0
| I =1 -l
P -t -1 1|
1 o 2 0
-4 -10 0 0
1.0 -4 0 0
0 0 -2 -5

0 0o 5 -2

Other choices arc possible, but C must equal #~'AP.

28. [M] P =

Section 5.6, page 346

S RCTERTE

l
Sox; =23 l (')} for all & sufficiently large.
-3

4. If p = 125, the cigenvalues are | and .6. An eigenvector for
A = | is (4, 5), so eventually the sizes ol the two populations
will slabilize, and there will be 4 spotted owls lor every 5
(thousand) wood rals.

6. Il p = .5, the eigenvalues arc .9 and 7, and

Xy — {'](.9)k|:§:| +(.'1(,7)k{ijl — 0 ask— x

S0 both populations perish. If p = .4, the eigenvalues are |

and .6, and

X; = C1(1)K {;} +(.’2(.6)k|:2:| — I:;:l ask— =

Eventually, for every spotted owl, there will be about 2000
flying squirrels.

8. Saddic point (because one or more eigenvalues are greater
than 1, and one or more eigenvalues are less than 1, in
magnitude); dircction of greatest repulsion: the line through
(0, 0,0y and (1,0, —3); dircction of greatest attraction: the
line through (0, 0,0y and (=3, =3, 7}

10. Adttractor; eigenvalues: .9, .5; dircction ol greatest attraction:
the line through (0, 0) and (2, 1}

12. Saddle point; eigenvalues: 1.1, .8; greatest repulsion: line
through (0, 0) and (1, 1); greatest attraction: linc through
(0,and (2, 1)

14. Repellor; eigenvalues: 1.3, 1.1; greatest repulsion: line
through (0, 0} and (-3, 2)




435 -1 -1
6. [M] v, = ¢ | 091 | + o5 89y T+ e 81F] 0
474 0 1

8.

Note: The exact value of the steady-state vector is
a4 = (91/209,19/209, 99/209) ~ (.435, 091, .474).

0 0 42
G 0 0
0 75 .95

b. [M] The long-term growth rate is A, = [.105, A
cortesponding cigenvector is approximately (38, 21, 100).
For cach 100 adults, there will be approximately 38
calves and 21 yearlings,

a A=

ection 5.7, page 355

N

.

1] =1 5
x(r):; | e'+;

14—3 : eV — ; _?J e~ The origin is a saddle point.
The direction of greatcst attraction is the line through (-5, 1)
and the origin. The direction of greatest repulsion is the line
through (= 1. 1) and the origin.

2 1 S
.- 3J e ¥ +5 [] } ¢ ". The origin is an attractor. The

dircction of greatest attraction is the ling through (2, 3) and
the origin.

Set P 2
et—3

A= PDP 1L Substituling x = Py into x' = Ax, we have

1 -2 0
| andD—[ 0 [J.Thcn

Il
JZ(P” = A(Fy)
Py’ = FDP '(Py) = PDy

Left-multiplying by P ! gives

‘ ol _[-2 o]fww
P = [ )

{complex): ¢ [I_Jr IJ gl 4o, [ 12'} g2

-2
cosi —sint | sint +cost | ,
real): ¢ e’ + ¢ . B
(real) ! —2¢0s¢ ? —2sint

The trajectories spiral out, away from the origin,

3—4 —ra2i 3+ R
(ﬁ.{ ) Jet ”“‘#—@{ N }e‘- 1 -2
(real):

3¢os 2t + sin2r
C'][ Co ht L] Jﬁ' r 4

{complex):

2sin 2t

3s8in2f — cos 2t o
Zeos 2r :

A9
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The trajcctorfes spiral in, roward the origin.
1-i] 1+i] .
. {complex): ¢, l: 4 J et 1 02[ 4 J e

(real): cos 2t + sin2¢ e Sin2f — cos 27
e I O 4sin
The trajectories are ellipscs about the or gin,

7 3 2
[M] X1} = (o [*ZJ e+ [} [ --1 } e’ - 3 [O el
3 1 1

The origin is 4 repellor, All trajectories curve away from the
origin,

16.

18. [M] {complex):

1 6+ 2i 6— 2
I 2 e n + (83 9+ 3[ (.’(5+”r + 3 9 — 3l 6‘(5_”’
G 10 14

1 Ocost — 2sint
(real): ¢ {ZJ e T+ e [‘)cosr — Bsinr} e +
0 cost
6sint + 2cost
3 [9sim + 3COS!J e
10sint

When ¢; = ¢y = 0, the (rajectories tend straight toward 0. In
other cases, the trajectorics spiral outward,

20. [M] A = [3/5 _;;;J
vifny | _ 51 _ 272
[v:(r)J 3[3]" 3[ 3}"
2| 4]

iy | _ 30 sin . 8r o
velt) 12 cos.8f — 65in. 8¢

Section 5.8, page 363

. —.2520 _ | TL2536
2. Eigenvector: x4 = [ : J or Axy = { 5.0064]’

1 ax, < | 40121
7502 P OTARE T 000

A = 50064

4. Eigenvector; x; =

A== — 4012
_ [ —.a996 _ [ 200081 )
6. x = ‘: ' J,Ax = [ 4‘0024:',c:at1malcd/\ = 4.0024
h i
8. M] x,: 5 , 2857 , 2558 ' 2510 ' L2502
1 ! 1 | 1
et 7, 6.14, 6.02, 60039 60006
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10, [M] ps = 99319, up = 9.9872; actual value: 10
Note: Starling with xy = (0, 0, 1) produces g = 9.9993,
s = 9.9999,

120 e - 4.3333, —3.9231, —4.0196, —3.9951
Rix )y —3.9231, - 3.9951, —3.9997, —3.,99098

14, Use the inverse power methed, with o = 4.

16. A =a+ 1/p
18. IM] wy = —1.375, 1y = — 142623, 1, = —1.42432,
¥y = — 142444, Actual: —1.424429 (accuratc to 6 places)

20. IM] a. pg = 19,1820 = gy o four decimal places. To six
PMaces, the largest eigenvaluc is [9.182037, with eigenvector
(184416, 1,.179615, .407110).

b ! = 012235, py! = 012205, To six places, the
smallest eigenvalue is 012206, with eigenvector
(1,.222610, —.917993, .660483}. The other eigenvalues
are —2.453128 and —1.741114, 1o six places.

Chapter 5 Supplementary Exercises, page 364

20. [M] The MATLARB command [P D] = eig{a)
produces a matrix P whose condition number is 1.6 10%,

and a diagonal matrix D) whose diagonal entries are almost 2,

2, 1. (The exact eigenvalues of A arc 2,2, 1.)

21, [M] A* = 0, so the only eigenvalue is A = 0. However,
MATLAB reports two small complex eigenvalues, each with
multiplicity 2.

CHAPTER 6

Section 6.1, page 376

30,/49
235,54 4. —1/5 6. | —10/49
! 2/5 15/49

—6/:/61

]
8.7 10. 4/\/61 12 [6}
-3/,/61
4. 2+/17 16. Orthogonal 18. Not orthogonal

19. a. Truc. Sce the definition of ||v]|.
b. True. See Theorem 1(c).
c. True. See the discussien of Fig, 5.

d. Falsc. Counterexample: [ (l) H .

e. True. See the box following Example 6.

20. a. True. See Example 1 and Theorem 1(a).

22

24

26,

v

28.

32,

3.

b. False. The absolute value is missing. See the box belore

Example 2.
¢. True, by definition of the orthegonal complement.
d. Teue, by the Pythagorean Theorem.,
e. True, by Theorem 3.
u-u = { becausc u-u is a sumn ol squares of the entries in w.
The sum of squares of numbcers is zero if and only if ali the
numbers are themselves zero.
la+v|]P=+v@+v)=uu+2ov+vyv

= {Jull* + 2u-v + [Iv[?

[lu — vI? = (0 — ¥)¢u - v)

il

st u(—v)—vuat vy

= ltull® = 2u-v + [Ivl?
When [lu + v||* and |ju — v|}* are added, the u-v lerms
cancel, and the result is 2ja]l” 4 2[|v[]*.
Theorem 2 in Chapter 4, because W is the nulk space of the
1% n matrix w’. W is a planc through the origin.
An arbitrary win Span {u, v} has the form w = cju + cpv. If
y is orthogonal tow and v, thenu-y = O and v-y = 0. By
linearity of the inner product [Theorem 1(b) and 1(c)].

wy=(cut vy -—-cuytevy=cl+o0=0

a. Ifzisin W' uisin W, and ¢ is any scalar, then
(cz)-u = c(z-u} = f) — (). Since u is any clement of W,
czisin W,

b. Take any z,, 2z in W*. Then, for any win W,
() + L)u =z -u+z-u=0+0= 0, which shows
thatz; + Z- is in W~

¢. Obviously 0 is in W<, because 0 is orthogonal to every
vector, This fact, together with () and (b), shows that W'
is a subspace.

[M] This exercise anticipates Theorem 7 in Section 6.2. The

matrix A has orthonormal columns.

[M] Thc mapping x +— T(x) = 1‘—3) v is a linear
¥

transformation. In Scction 6.2, the mapping will be called
the orthogonal projection of x onto Span {v}. To verily the
lincarity, take any % and y in R*(or R*) and any scalar ¢,
Then properiics of the immer product (Theorem 1) show that

x+yv
V¥ VY

G2 () (5
¥Y'¥Y V-V LA vy
Tx) + T(y)
nﬁ)=ﬁﬂiv=“”“vﬂc(§%)v=cnm

. + .
Tix+y)= XY yvv

V¥ ¥V ¥




Another argument is to view T as the composition of three
lincar mappings: x v a = x+v, g — b — a/(v-¥), and
h— by,

Section 6.2, page 386

2. Orthogonal
4, Qrthogonal
6. Not orthogomal

8. Show u;-u; = 0, mention Theorem 4, and observe that two
lincarly independent vectors in B2 form g basis.Then obtain

3 -2 3 -2

16. Show wy-u; = 0, u-u; = 0, and uz -z = (b, Mention
Thearem 4, and observe that three linearly independent
vectors in R form a basis. Then obiain

—_ M 3 Do — 4
X = ﬁuf + Ju + igl.l, 3ll| +

4
2]
IREYE -4/5
4.y = { 2/5] * { ES/SJ
6. y — § = { SJ.distanceis 45 =13/5

8. Not orthogonal

-2/371 [1/V/s

0. 1/3 2/\/5
2/3 0

2. Orthonormal

w + us

of—

1
3

3. 4. True, For example, the vectors u and ¥ in Example 3 are

lincarly independent but not orthogonal.

b. True. The formulas for the weights are given in
Theorem 5.

¢. False. Sce the paragraph [ollowing Example 5.

d. False. The matrix must also be square. Sec the paragraph
before Example 7.

e. False. Sec Example 4. The distance is [y — $ll.

. a, True. But every orthoganal set of nonzer vectors is
linearly independent. Sce Theorem 4.
b. Falsc. To be orthonormal, the vectors in § must be unit
veetors as well as being orthogonal to cach other.
¢. True. See Theorem 7{a).
d. True. Sce the paragraph before Example 3.
. ‘True. Sce the paragraph before Example 7.

b
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26. Ifvi,..., v, arc nonzero and orthogonal, then they are
linearly independent, by Theorcm 4. By the Invertible
Matrix Theorem, {v,, ..., v,} is a basis for . If
W = Span{v,,..., v,}, then W must be R”,

28. If ¢/ is an 7 n orthogonal matrix, then / = U~ = 7
Since Uis the transposc of /7, Theorem 6 applied to (/7
says that £/7 has orthonormal columns. Tn particular, the
columns of U7 are linearly independent and hence form a
basis for R”, by the Invertible Matrix Theorem (see
Section 4.6). That is. the rows of {7 form a basis (in fact, an
orthonormal basis) for R,

[
-
h

If U/ is an orthogonal matrix, its columns are orthonormal.
Interchanging the columns does not change their ortho-
normality, so the new matrix—say, V—still has orthonormal
columns. By Theorem 6, VIV = /. Since V is square,

V! = V™! by the Invertible Matrix Theorem,

32. If vi*v» = 0, then by Thevrem 1(¢) in Section 6.1,
(v (eava) = i [V, (v3)] = ciea(v)vy) = cre0 =10,

33, [M] The proof of Theorem 6 shows that the inner products
to be checked are actually entries in the matrix precluct ATA,
A calculation shows that A4 = 1004,. Since the off-diagonal
entrics in A" are zero, the columns of A are orthogonal.

3. [M] a. UV = Iy, but U7 is an 8 % ¥ marrix which is
nothing like f,. In tact

vyt =

82 0 -20 8§ 6 20 24 07
0 42 24 0 -20 6 20 -32

-20 24 58 20 [ I ) 0 )
8 0 20 8 24 -720 6 0
6 —20 0 24 18 0 -8 20
20 6 32 —=20 0 38 0 24
24 20 0 6 -8 0 18 -20
0 —-32 & 0 20 24 -20 42|

(.01

b. The veclor p = UU'y is in Col {7 because p = U(U7y)
Since the columns of {7 are simply scaled versions of the
columns of A, Col {7 = Col A. Thus pisin Col A.

d. From (c), z is orthogonal to each column of A. By
Exercise 29 in Section 6.1, z must be orthogonal to every
vector in Col A; that s, z is in (Col A)L.

Section 6.3, page 395

3 2
2. v="2u, +;u2+‘—;u37§u4:v:

S I (O I O 6
Y R ]
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6 6 3/2 -5/2
. H 6 Hq s.y{mlﬂml
0 1 1 2

5 -2 -1
0.y = i 4 g 12. :'2
6 0 9
!
0
Wl 16. 8
-3/2

8. a. Uy =111=1. Ut =

b. projy ¥ 7—2()“ X
. 1o = —=W = .
w /—10 6
. g--27 -2
wyny = {-2.1 +8.]} - [ 61
0 ]
20. Any multiple of 475 |,suchas | 2
2/5 |

21. a. True. See the caleulations for Z; in Example 1 or the box

after Example 6 in Section 6.1.

b. True, by the Orthogonal Decomposition Theorei.

¢. False. Sec the last paragraph in the proof of Theorem 8,
ar see (he second paragraph after the statement ol
Theorem 9.

d. True. Sce the box before The Best Approximation
Theorem.

e. True. Theorem 10 applies to the cotuma space W of U
because the columns of U are lingarty independent and
hence form a basis for W.

22, a. True. See the proof of the Orthogonal Decomposilion

Theorem.

b. Truc. Sce the subsection “A Geomelric Interpretation of
the Orthogonal Projection.”

e 'lrue, by the uniquencss of the orthogonal decomposition
in Theorem §.

d. Falsc. The Best Approximation Theorem says that the
best approximation 10 ¥ is projy ¥-

e. False, unless 7 = p, because UUTx is only the osthogonal
projection of x onto the column space of {/. See the
paragraph following Theorem 10

24. a. By hypothesis, the veclors Wi, ..., W, arc pairwise
orthogonal, and the veclors Vi« v, pairwise
orthogonal. Also, wi*¥; = 0 for any i and j beeause the

n e 1AF

b. Forany y in B, write ¥ = § +zasinhe Orthagonal
Decomposition Theorem, with § in W and z in W, Then
there exist scalars ¢y, ... €p and d,. . . ., ddg such that

y:y+z=mw,+~~+(:pr+d1v1+-'-+dqvq

Thus i1, ..o W Yoo o v,) Spans [
¢, Thesctiwy, .. .- W V1o v,)is Jincarly independent by
{a), spans %" by (b), and thus is a basis for R". Henee

dim W -+ dim ‘,)Vl =p ‘g = dimR* =

25, [M] {/ has orthonormal columns, by Theorem 6 in
Section 6.2, becausc 1717 = 1y The closest point to ¥ in
Cal U is the orthogonal projection ¥ of y onto Col U. From
Theorem 10,

g=oUly = (124 12,124 12,44

26. 1M1 Totwo decimal places,
b = UUTh = (.20,.92,.44. 1.00, — a0, -.A4, 60, —.92).
The distance from b to ColUis b — bl = 2.1166, 5o Lour
decimal places.

Section 6.4, page 402

SHERR

1//6
2/\/6
1/4/6

o 3 | 1 —1 1
3 | i -1 ! ‘
10. 2. . 12 ol. | 2.1 ©
1 1 -3
X o , ] 1 1
1 1 1
7 1

12 —1/\/8 12
/% 172
6.0=1 o 28 0
12 18 -1/2
YRR VAL RV




—<“

i7.

20.

23.

24,

208 7
R=10 /8 12//%
00 6

a. False. Scaling was used in Example 2, but the scale factor
Wis NONZer.

b. Truc. See (2) in the staicment of Theorem 11,

¢. True. Sec the solulion of Example 4.

a. False. The three orthogonal vectors must be nonzero to he
a basis for a three-dimensional subspace. (This was the
case in Step 3 of the solution of Ixample 2.)

True. IF x is not in a subspace W, then x cannot equal
PIOjy X, because proj,, x is in W, This idea was used for
X = ¥z in the proof of Theorem 11.

¢. True, by Theorem |2.

=

Ity isin Col A, then y = Ax for some x. Then

¥ = ORx = Q(Rx), which shows that ¥ is a linear
combination of the columns of @ using the entries in Rx as
weights, Conversely, suppose y = (x for some x. Since R is
invertible, the equation A = QR implics that ¢ = AR 1. S0
¥y = AR 'x = A(R 'x), which shows that y is in Col A,

-10 3 6 0]
2 3 0 5
IM] -6, 316, 0
16 0 {] {
2 3 0 -5
-5 5 5774 0
.1 .5 0 7071
M QO=|-3 —5 5774 0
8 0O  .5774 0
N 5 t] = 7071
20 20 —10 10
R- 0 6 -8 —6
4] 0 10,3923 —5.1962
0 0 0 7.0711
[M] In MATT.AB, when 4 has » columns, suilable

commands arc

Q=Aa(:, 1)/ norm{a(:, 1)

% The first column of Q
for j = 2:n
Vo= A, - QM (QUFAL:, )
Q{:,3) = v/norm(wv)
% Add a new column to 0
end
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Section 6.5, page 411

08 3[4 e
b il e

5 -1
6.% = [ ~1| + x| 1 8. /6
0 1
4 3
0. a. b= —1 b.i(ﬁ[ T
ERNP
’ 1/3
128 ] b k=] 14/3
6 ~5/3
3 7 2
4 Au= |81 Av=2(b- Au=| -4,
2 8 2

—4
b - 4af) = {Ib — Av)| = \/ﬂ, so Au and Av are equally
close to b. The orthogonal projection is the unigie closcst
peint in Col A to b, so neither Au nor Av can be b, That is,
“neither u nor v can be a leasl-squares solution of Ax = b,

16. % = [Q:gJ

17. a.

-2
bh— Ay = [ ZJ_anethat

True. See the beginning of the section. The distance from

Axtobis |lAx -- b

b. True. See the comments aboul cquation {15,

¢. False. The inequality points in the wrong direction. See
the definition of a least-squares solutien.

d. Truc. See Theorem 13,

€. True. See Theorem 14,

18. a. True. See the paragraph tollowing the definition of a

least-squares solution.

b. Falsc, If % is the least-squares solution, then A% is the
point in the column space of A losest to b, See Fig. 1 and
the paragraph preccding it.

¢. ‘True. See the discussion following equation (1},

d. False. The [ormula applics only when the columns of A
arc linearly independent. Sce Theorem 14,

€. False. See the comments after Example 4,

f. False. Sec the Numerical Notce on p. 410.

+
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20.

22.

24.
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Suppose that Ax = 0. Then A%Ax = AT0 = 0. Since A% is
invertible, by hypothesis, x must be zero. Hence the columns
ot A are linearly independent,

A’A has » columns because A does. Then
n — dim Nul A’A

n— dimNul A
= rank A

rank AA The Rank Theorem
Exercise 19

The Rank Theorem

% = A"b, from the normal cquations, because A4 = 1.

(With .707 in place ol .7, gy = a2 = 353533339, a; = .5.)

Section 6.6, page 420

2.
4.
6.

10.

—.6+.7x
4.3 — Ix

v =
¥ =

If the columns of X were linearly dependent, then the samc
dependence relation would hold [or the vectors in B? formed
[rom the top three entries of the column. In this case, the
Vundermonde matrix

1 oy &
1 Xa

1 % X

would be noninvertible. However, it can be shown that since
X), X3, and x; are distinct, this matrix is invertible, which
means that the columns of X are, in [act, linearly indepen-
dent. As in Exercise 5, Theorem 14 implics that there is only
one least-squares solution of y = Xf3.

One way to show that the 33X 3 mairix above is invertible
is to show that its determinant is (x; — x){xs — 2 — x).
Another way is (0 appeal to Supplementary Exercise 11(b) in

Chapter 2.
Bi
s B= | B
Xn B

b. [M] y = .5132x — .03348x% 4 .001016x7, using four
significant figures in the coeflicients. Note: If you use
001 as the coefticient of x*, your graph will [al}
somewhat below the last three or four data points.

21.34
20.68
20,05 |,
18.87
18.30

2y
XXX
a X =
JERRN

" "

a. y=XpB + € wherey =

12,

14.

16

18.

2.

2. |IxIFF

e—,l)El’ HU (‘3—-'[”( 10 El
e I Lm07D &
¥ = | e02in e D | g {%’-} e= | e
o= 214 e 0T B €
o 13) o F €

b [M] v = 199479 | 10.10e~97, M, = 19.94,
My = 10,10

[M] p = 18,55+ 19.23Inw. When w is 100, p is
approximately 107,

Write the design matrix as X = [1  x]. Since the residual
vectar, € = y — Xf. is orthogonal to Col X, we have (using
the notation shown just after Exercise 14)

0=le=1y-Xp) =1y ("B
=+ Ay ln Sal B
By
=ZXy— "Bn - ffizl
Divide by —n, move the first term (o the lelt side of the
gquation, and obtain ¥ = By + (X,
The determinant of the coetficient matrix of the equations in

(7)yis n2x® — (Zx)°. Using the 2% 2 formula for the inverse
of the cocfficicnt matrix, we have

B _ 1 [ ok Ex]|| 2y
Bl AExAEx? | —Zx n || Zxy

Hence

s QHEY - E0Exy) .

IBO - S 7 7 » Bl -
nZx? — (Zx)

Note: A simple algebraic calculation shows that

Xy — (218, = nfly, which provides a simple formula for

Bo, once 5 is known,
_ n EX
x o (Zx)

. 1
X'x = !
X e L
This matrix is a diagonal matrix when Zx = 0.

IXBI? = (XBY (XB) = B'X'XB = B'XTy, because B’
satisfies the normal equations: XXB = X7y, Since
IXBI? = 55(R) and ¥y = {lylI* = SS(T). Exercise 19
shows that

a2y — (22 y)
AZat — (2x)?

1 X,

SS(E) = SS(T) — SS(R) = ¥'y — B'XTy

Section 6.7, page 430

=(xx) = HH3) + H=0(-2

= 56
=¥ =42+ 5Dy =11

)
ll¥ll? )




RS

IxIPlivllZ = 56¢21) = 1176
Xy = A=)+ 5(- ) = —34
I, ¥H* = 1156 <2 1176 = [Ix]]*[ly||?

-1 3422
4 5
2 5
pgr=-20+0+10=—~10

6. lIpll = 23/5, llgll == /59

4. Polynomials:

Values:

P , ]
8. %-%p(r) = -5 = =13 -2 = <+ ip
10. Polynomials:  py P g pt) =17
1 -3 1 =27
1 -1 -1 —i
Values: I | _ .
1 3 1 27
PO = fpo+ o+ Gg = L
12, Usc Exercise 1l to get® - 2+ Then 527 - 171 is also

orthogonal (o py, pi, p3, but its veetor of values is
(—6,12,0, = 12,6). Answer: pa(t) = 1(5° — 17r).

14. 1. vy = T(u)-T(v)
T(v)-T{a)
= (v, u)

Definition

1i

Property of dot product

Definition

2. (utvw=T@@+v)T(w)

(T4 Tv)]-T(w)

TW)T(w) + T(v)-T(w)
= (u, w) 4 {v, w)

3. {ew, v) = T(cw)-T'(v)

ct'(u)-T(v)

= ¢{u, v}

Definition

i

Linearity of T

Property of -
Definition

Definilien

Lincarity of T
Dcfinition
4. @uy=Tu)Tw =0 Property of dot product
Ifu = 0, then T(u) = 0, because 7 is linear, and
{u. u) = 0. Conversely, if {w, u) = 0, then
T(u)-T(w) = 0, and hence T{u} = 0 by a property of the
dot product. Since 7 is onc-to-one, » = 0.
16. |lu — v|*
={u—v,u-—v
={wu—vy—(vu—vd Axioms 2 and 3
= {mouy -, vy - (v, (v, v
={u,u) — 2u, v} + (v, v)
= [l — 20u, v) + (Ivlf?
If {u, v} is orthonormal, then [Jull? = ||v[|> = 1 and
wv) =05 |u-v|*=

Axioms 1-3

Axiom |

20.

22,

24,

26.
27.

28.
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. The calculation in Exercise 16 shows that

lu = vl = Jlll* — 2¢u, v} + Ivi]?
Similarly,
fle + vl = llail* + 200, vy + |||

Adding gives [[u + v]* + [Ju — v||> = 2|fa® + 2||v]I*

Tu = (a kyand v = (1, 1), then [ul®* = &® + &2, ||| = 2,
and [{w, v)| = |a + b|. The desired inequality follows when
the Cauchy-Schwarz inequality is rewritten as

a v\ _ il
2 T g

1 1
/ Gt =3 - Od = / =85 +39dr = 0
J0 Ji

ol ol
/ (= dr ;/ (" =265 + ™dr = 1/103,
1] 1]

gl = 1/4/105

1,6,30 — 4

IMI po(t) = 1, p1(8) = 2, pa(s) = —2+ 12,

) = (=171 + 572 /6, pylt) = (72 — 1552 + 351 /12

The columns of the following matrix list the values of the
respective polynomials al —2, —1, 0, 1, and 2;

1 -2 2 -1 1
i -1 -1 2 —4
A= 11 0 -2 0 8
1 I -1 -2 -4
1 2 2 1 1

[M] The orthogonal basis is fi(i) = 1, Ffi(t) = cost,
() = cos?t — %, and f5(f) = cos’ s ~ %cosf. Nole that
26:(r) = cos 2t and 4 £3(1) = cos 3r.

Section 6.8, page 437

2.

Let X be the original design matrix, and let y be the original
observation vector. Let W be the weighting matrix for the
first method. Then the weighting matrix for the second
method is 2W. The weighted lcast-squares by the first
method is cquivalent to the ordinary least-squares for an
equation whose normal equation is

WX)"WXB = (Wx)" wy (1)

while the second method is equivalent to the ordinary
least-squares [or an equation whose normal equation is

WX E = 2w T sy P
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Since equation (2) can be writlen as 4(WX)TWX,@ =
4(WX)T Wy, it has the same solutions as equation (1).

4. a. The vectors of polynomial values arc

po= (LLLLLD, pre=(=5-3~1 1,3 35),

pr— (5 =1, —4 -4 -5}

Verify that these vectors in R® are mutually orthogonal.
b dps + 3p F P
6. Use the identity

sinmt cos nt = L[sin(ms + nr) + sin(mt — nt)]

8. — 1+ 7 — 2sint —sin2t - %sin3r
4 4

10. —sint + —— sin 3¢
T 3ar

12. The trigonometric idemiily cos 3¢ = 4¢os’ 1 — 3cost shows
that

cos’t = 3cost + §cos 3t

The expression on the right is in the subspace spanned by the
trigonometric polynomials of order 3 or less, so this
expression is Lhe third-order Fourier approximation to cos’ 1.

14. g and k are both in the subspace H spanned by the
trigonometric polynomials of order 2 or less. Since A is the
second-order Fourier approximation to f, it is closer to f
than any other function in the subspace H.

4 4 4
16. (M1 fi(r) = p sint + o sin 3¢, fs(r) = fali} + 3 sin 5/

Chapter 6 Supplementary Exercises, page 439

A
16. [M] ”” T” — 00212, cond(A) X ——=
3363 X (.00212) = 7.1. In this case, [lAx]/lIx]| is almost
the same as [[AB/libll, even though the large condition
number suggests that [|A x|l /|[x{| could be much larger.

Ab
18. [M] cond{A) X ”” I
\2598. This Ldlr..lllatl()l’l shows that the relative change in x,
for this particular b and Ab, should not exceed 2598, Asit
tarns out, [|Ax||/llxll = .2597. So the theoretical maximum
change is almost achieved.

lawll _

= 23683 X (1.097 X 107%) =

CHAPTER 7

Section 7.1, page 448

4. Symmetric

V212
8. Orthogonal, [—1/\/5 ]/\/ﬂ

10. Not orthogonal

2, Not symmelric 6. Not symmetric

5 -5 5 =5

12. Orthogonal, _2 _2 2 ;

-5 5 5 —=5
e R T ]
L1/V2 N2 o

6 p = |37/ -4/5]’0_ [25 0]

4/5 3/5 0 —25
r—4/5 0 3/5 25 0 b
18. P = 3/ 0 4/5},D= l: 0o 3 0]
| O 1 0 0 0 =50
[ 2/3 —1/3 2/3 13 0 0
20.p=|-1/3 2/3 2/3},D' { o 7 O}
L 2/3 2/3 —1/3 o 0o 1
1 0 0 0
2 r=" 1/V3 0 -1/
0 0 1 0
o 1/\V2 0 1/V2
rz2 o0 o 0
6 2 0 0
P=1lo 0o 2 o
LO 0o o 0
273 i/V2 1/4/18
2. P = 2/3 ]/\/i _1/ﬁ
1/3 0 4/+/18
1000
D=0 | O
Lo 0 1
25. a. True. See Theorem 2 and the paragraph preceding the
theorcm.

b. True. This is a particular case of the statement in
Theorem 1, when u and v are nonzero.

¢. False. There are n teal gigenvalues (Theorem 3), but they
need not be distinct (Example 3).

d. False. Sec the paragraph following formula (2), in which
each u is a unil vector.

26. a. True, by Theorem 2.




...

28.

30

b

32.

34.

36.

b, True. See the displayed equation in the paragraph beforc
Theorem 2.

c. False. An orthogonal matrix can be symmetric (and hence
orthogonally diagonalizable), but not every orthogonal
matrix is symmetric. The matrix P in Example 2 is an
orthogonal malrix, but it is nol symmetric.

d. True, by Theorem 3(b).

(Ax) ¥y = (Ax)'y = x4y = x™Uy = x-{Ay), because
AT = 4,

If' A and B are arthegonally diagonalizable, then A and B arc
symmetric, by Theorem 2. If AB = BA, then (AB)T =
(BAY = ATBT = AB.So AB is symmeiric and hence is
orthogonally diagonalizable, by Theorem 2.

IfA = PRP™' then P 'AP = K. Since P is orthogonal,

R = PTAP. Hence RT = (PTAP) = PTATPT" = pTap = p,
which shows that R is symmetric.Since R is also upper
triangular, its entries above the diagonal must be zcros, to
match the zeros below the diagonal. Thus R is a diagonal
malrix.

A= Taa! + Tuou? — 2usu?, where
I 2 3,

/2 0 1/2
wuel = | 0 0 0 1,

L1/2 0 12

T L/18 —4/18 —1/18
u2u§‘= —4/18 16/18  4/18 ], and

| —1/18  4/18  1/18

4/9 2/9 —-4/9

uul = 2/9  1/9 —-2/91,

| ~-4/9 -2/9 4/9

Givenany y in R", let ¥ = By andz = ¥ — §. Suppose
BT = Band B> = B. Then B'B = BB = R,

a. z-§ = (y — By)-(By) = y+(By) — (By)*(By)
=¥'By — (By)'By = y'By — y'B'By = 0
S0 z is orthogonal to .
Any vector in W = Col B has the form Bu for some u. To

show that ¥ — ¥ is orthogonal to Bu, we can use Exer-
cise 28 since B is symmetric:

=

(y —¥yBu=[B(y—¥)]-u=[By - BBy]'u=0

because 8 = B, Soy — Visin W', and the decompo-
sitiony = ¥ + (y — ) expresses y as the sum of a vector
in W and a vector in W . By the Orthogonal
Decomposition Theorem in Seclion 6.3, this
decompasition is unique, and so § must be proj,, .

Answers

2] -
|
—— -

37. M| P =
18 0 0
10 10 0
=19 o 4
0 0 0
8 -2
4 —4
BMrp=|"
2 .8
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4 -4
-2 .8
—% -2
4 4

P=16 o 55 o
0o 0 0o 75
- 472 0 8 -4
| 0 —4472 4 3
3. M) P = 8944 0 4 =2
0 8044 2 4
30 0 0
o 3 0 0
=10 0o o o
0 0 0 -5
Note: 4472 is an approximation Lo I/\/g.
40. [M] P =
/2 s 1012 17200 174
12 e 112 1y 145
0 —2/VE 112 1y 145,
0 0 -3/V12 1/4/20  1/\/5
0 0 0 —4/\/20 1/\/5
8 0 0 0 0
0O 8 0 0 0
p=|0o 0 32 0 0
00 0 -28 0
00 0 0 17

Section 7.2, page 457

2 a4, 4x) + 268 + 22 + 6 + 2o

b. 21 ¢ 5
20
5 5/2
6. a. 5/2 -1
-3/2 O

7.5 6o 5
SIS

—-3/2

7
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8.

0 -2 0
bh. [-2 0 2
L l

2 1 2
P=1|-1 2 20, ¥Dy =157 +9%7 3y
2 2 -l

In Exercises 1014, other answers (change of variables and new
quadratic form) are possibie.

10.

12.

14

16.

18.

20.
1.

Positive definite; eigenvalues are 11 and |

1 [ 2 1
Ek—l2

Change of variable: x = Py, with £ =
New quadratic form; [1y? + v3
Negative definite; cigenvalues are —1 and —6
1
Change of variable: x = Py, with P = — 1

V52 _?]

New quadratic form: —y# — 63
Indefinite; eigenvalues are 9 and —1

1 3 -1
Change of variable: x = Py where P = —— [ }

Juolt 3

[M] Positive definite; eigenvalues are 7.5, 4.5, 3.5, .5

New quadratic form: 9y]2 - y%

-5 -5 .5 5
. . ey |5 5 3 -1
Change of variable: x = Py, P = 5 -5 5 —35

S 05 5 5
New quadratic form; 7.5y7 + 4.5y2 + 3.5y + .5¥3

{M] Indefinite; eigenvalues arc 17, 1, —1, =7
Change of variable: x = Py;

—3/4/12 0 0 1/2

oo | V12 0 —2//6 172
1312 =172 16 172

1//12 1/4/2  1//6 12

New quadratic form: 17y% + ¥3 — y7 — Ty}
5

a. True, by the definition before Example 1, cven though a

nonsymmetric matrix could be used to compute values of

a quadratic form.

b. True. See the paragraph following Example 3.

¢. True, because the columns of P in Thecorem 4 arc
eigenvectors of A. Review the Diagonalization Theorem
(Theorem 5} in Section 5.3.

d. Falsc. g(x) = 0 whenx = 0.

€. True. Theorem 5(a).
f. True. See the Numerical Note after Example 6.

22

24,

26.

28.

a. True. See the paragraph before Example 1.

b. False. The matrix P must be orthogonal and make PTAP
diagonal. See the paragraph belore Example 4.

¢. False. There are also “degencrate™ cases: a single point,
two intersecting lines, or no points at all. See the
subsection “A Geometric View ol Principal Axes.”

d. Falsc. Sce the definition before Theorem S,

e. True, by Theorem 5(b). If x*Ax has only negative values
for x # 0, then xAx is nepative definite.

I det A = 0, then by Exercise 23, A| A2 > (), so that A; and
A» have the same sign; also, ad = det A + B =,

a. Ifdetd = Oand g == 0, then d = 0, oo (because

ad > 0). By Exercise 23, Ay + A; = a + d > 0. Since

Ay and A; have the same sign, they are both positive. So O

is posilive definite, by Thecrem 5.

b. If det A = 0 anda < 0, then d < 0, 100. As in {a), we
conclude that A; and A, are both negative and that Q0 is
negative definite.

c. Ifdet A <, then by Exercise 23, A1 Ay << 0, which shows
that A, and A; have oppositc signs. By Theorem 5, @ is
indefinite.

We may assume A = PDPT with PT = P71 The
eigenvalaes of A are all posilive; denate them by Ay, ..., Ag.
Let C be the diagonal matrix with \/)Tl, e \/X; on the
diagonal. Then D = C? = CTC. It B = PCPY,then B is
positive defliniie because its eigenvalues are the positive
numbers on the diagonal of C. Also,

BB = (PCPTYT(PCPT) = (PTTCTPTWPCP)
= PCTCP Because PP =1
=PDP = A

The eigenvalues of A are all positive, by Theorem 5. Since
the eigenvalues of A ! are the reciprocals of the eigenvalues
of A (see Exercise 25 in Section 5.1}, the eigenvalues of A~ !
are positive. (Note thal 47! is symmetric.) By Theorem 5,
the quadratic form x’A~'x is positive definite.
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1/V3 =2/46 0

2. x = Py, where P = 1/\/5 1/\/6 —1/\/27
/3 16 1/4/2
1/4/3
da.5 boi|1//3 c 2

1/V3




L [3/v10
6. a. b, + [l/\/ﬁ:l

bl
L3l

YN

8. Any unit vector that is a lincar combination of 1/\/5
0

~1/y/2
0
1/+/2

1
orthogonal to [EJ .

I
10. 1 + /17

12, Let x be a unit eigenvector for the eigenvalue A. Then
x7x = x7{(Ax} = A, because xx = 1. So A must satisfy
mEA=M.

and . Equivalendly, any umnit vector that is

14. [M] a. 17 b.

L in n ta

_2/\/6
0

1/\/(; c 3
1/1/6

Section 7.4, page 475

16. [M] a. 9 b.

2. 5.0 4. 3,1

S A i F P
g |2/V/5 1/\/§H4 OH 1//5 2/\/3]
RVAVERRE YAV | R N | S YV R VAV

(2/\/5 1/\/5 ol[s o 2/\/5 ~]/ﬁ
10. _ 0 0
1/8/3 2//5 0 L (_)Ml/\/g 2/\5}

0
VAR VAVER VAV/ Y I IV R
2 s o0 -l o v
RAVER VAVE R VAV | RU B
14, From Exercise 7, 4 = UV with
. [ﬂﬁ ~1/v/5
1/Vs  2/V5

vector at which ||Ax|| is maximized.
16. a, rank A = 2

} . The first column of V is a unit

20.

24,

28.

Al101
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—.86 -. 11
h. Basis [or Col A: AL, .68
A1 —.73

.63 -4

L i .08 42
Basis for Nul A: 16| | —ua
-.73 -.08

. The determinant of an orthogonal matrix {7 is =1, because

1 =detf = det UTU = (det U7 )det 1) = (det L)

Suppose 4 is square and A = UV’ Then X is square, and

det A = (det U)(det Z)(det V1)

=Z+det: = *¢,-- 07,

The singular values of A are the square roots of the
eigenvalues of A'A. But ATA = A% because A is symmetric.
The cigenvalues of A% are AZ, ..., A2, where Ay, ..., A, are
the eigenvalues of A. Since the A; arc positive, the SqQuUAre
root of z\,-z is A; itself,

. The right singular veclor vy is an eigenvector for the largest

cigenvalue A, of AA. By Theorem 7 in Section 7.3, the
second largest ¢igenvalue, Ao, is the maximum of x7(A™)x
over all unit vectors orthogonal to v;. Since x(AM)x =
lA%[[?, the square root of i, which is the second singular
value of A, is the maximum of ]|Ax|| over all unit vectors
orthogonal to v,.

From Exercise 23, AT = ayvju{ + - + o,v7u”, Then

Ty, = T cufa. = IRV
Alu; = (oyvu]u; Becauseu/u; = Ofori #

= vy Becausc uiu; = 1
S =5 =5 ~-357[40 0 0 0
5 5 5 -5|lo 2 o o
Mis -5 5 s||lo o 1 o
5 5 -5 5/lo 0o o0 o0
-4 8 -2 47
8 4 4 2
% 4 -2 -8 4
-2 -4 4 3B

The entries in this exercise are simple, to allow students to
check their work mentatly or by hand. The Study Guide
contains a sequence of MATLAB commands that produce
this SVD.

[M] 27.3857, 12.0914, 2,61163, .00115635;
0'1/0'4 = 23,683
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Section 7.5, page 483
’4_87 -3 1 =2 2 3 -1
9" |- 2 -3 -1 6 2]
B -
5[8 18}

440 =90 .
=21 =
4, [_90 for A = 21.9, [ ‘ } forA = 1.7

6. [M] y; = .62x; +.60x; + .51x3, which explains 64.9% of
the total variance.

8. v, = .44x; + .90x; v, explains 92.9% of the variance,
10. [M] ¢, = 41, = .82, ¢3 = .41 to two decimal places, or
o= 1/\/6, o = 2/\/6, ¢y = l/\/g. The variance of y is
15.
12. By Exercise 11, the change of variable X = PY changes the
covariance matrix S of X into the covariance matrix PTSP of
Y. The total variance of the data, as described by Y is

tr (P"SP). However, since PSP is similar to S, they have the
same trace (Exercise 25 in Section 5.4). Thus the total
variance of the data is unchanged by this change of variable.

Chapter 7 Supplementary Exercises, page 483

.5 0 —.05 —.15 2.3
0 0 0 0 0
16. [M] A= | 0 2 .50 1.50 | %= 5.0
A -1 =35 -1.03 -9
0 0 0 0 0
0
1 0
Basis for Nul A: | 0], | 0 |. Adding any nonzero vector u
\; 0
0 1

in Nul A to X changes a zero eniry 10 a nonzero entry; in this
case the inequality [|%]] < ||% + u]| is evident.




